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Abstract—The size parameter ¢ = 2 R/A in spheres with a radius R = (2—3)A (A is the radiation wavelength)
is on the order of 10. Strong Mie resonances (£ > 5) are observed in these structures; these resonances lead
to peculiar optical phenomena, caused by the interference of high-order multipoles and localization of mag-
netic fields. Examples of such optical phenomena are presented in this review.
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1. INTRODUCTION

In 1908 G. Mie published the study Beitrdge zur
Optik triiber Medien, speziell kolloidaler Metallosungen
[1], which was devoted to the analytical solution of
Maxwell’s equations for a homogeneous spherical
particle irradiated by a plane electromagnetic wave.
Mie was not the first theoretician who found a correct
solution to this problem. The corresponding formulas
had been derived previously by some other researchers
[2]. Incidentally, Mie referred to the Lorenz study in
[1], and the Mie theory is sometimes called the
Lorenz—Mie theory. Mie’s merit is that he was the
first to draw attention to the following fact: the color of
colloidal solutions is determined by the phenomena of
resonant light scattering from nanoparticles with a
complex refractive index. This is a fundamental differ-
ence of Mie scattering from nonresonant Rayleigh
scattering for the case where the particle size is much
smaller than the radiation wavelength. Naturally,
Rayleigh scattering is a particular case of Mie scatter-
ing. In essence, Mie was the first to analyze theoreti-
cally the formation of localized plasmons. Mie’s study
was of moderate interest during the next 70 years;
however, since the beginning of the 1990s, an ava-
lanche-like rise in the number of publications con-
cerning the “Mie theory” was observed (Fig. 1). The
intensity of publications correlates with the intensity of
publications in the field of plasmonics [3, 4]; it is also
related to the discovery of new optical phenomena
occurring upon light scattering from structures several
wavelengths in size. It turned out that new physical

effects were encoded in the formulas of the Mie the-
ory, and they were just waiting for somebody to deci-
pher them. Figure 1 presents quotations from several
recent publications, concerning the physical effects
related to the discovery of photonic nanojet, Fano res-
onances in plasmonics, and optical anapole. The cal-
culation of fields within the Mie theory is a rather
time-consuming task, but it was not the software that
led to progress in optics. The “insight” into some opti-
cal phenomena was related to “the second degree of
understanding,” as defined by L.I. Mandelstam, i.e.,
with a change in the point of view for the known for-
mulas.

The formulas of the Mie theory present expansions
of fields in spherical harmonics. The expansion coef-
ficients satisfy boundary conditions: continuity of
field tangential components on the sphere surface.
The scattering efficiency (scattering cross section nor-
malized to the geometric cross section: Q.., =

O,../TR?, where R is the spherical particle radius) is

expressed in the simplest way in the Mie theory. This
value is presented as the sum of multipole—dipole

(€ =1), quadrupole (£ = 2), octupole (£ = 3), etc.—
amplitudes:
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Fig. 1. (Color online) Number of publications devoted to the Mie theory, according to the Web of Science [5].

Here, Q((f) and Q" are the partial efficiencies,
associated with the €th-order multipole moments.

The electric, a,, and magnetic, by, scattering ampli-
tudes are given by the formulas

m%a) 9«{?)
5 b€ =
R+ RY +iJY

where, in the case of nonmagnetic media,

a€=

7 2)
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Here, the functions ,(z) = \nz/2J,,,(z) and

Xe(2) = an/ 2 N,1/5(z) are spherical Bessel and Neu-
mann functions [6]. The primes in ' and i’ mean dif-
ferentiation with respect to the corresponding argu-

ment, i.e.,q/'z(z) = dqu(z)/dz. The subscripts m and p
in the refractive indices n,, and n,, refer to the external
medium and the particle and the values ¢,, = n,,g and
g, = n,q, respectively. The value g = 2R/ is the so-
called size parameter [6].

nmx'f (qm )Wg (qp ) .

According to the Mie theory, the magnetic proper-
ties of metal particles in the optical spectral region do
not play any significant role in scattering. In the case
of dielectric particles, magnetic scattering has a reso-
nant character, and the corresponding electric and
magnetic resonances have comparable amplitudes at
n, < 2. The number of multipoles entering formula (1)
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is determined from the formula € ,, = ‘qm + 44,

oy 1‘
[71; therefore, the transition to large particles (R > \)
and geometric optics limit calls for summation of
many terms in expression (1) and other formulas of the
Mie theory. The principles of geometric optics and the
rule for constructing an optical image based on the
light refraction law and straight-line propagation of
light were formulated by Kepler in 1611. Then this
approach was refined based on the eikonal equation
[8]. In this case, light scattering from a sphere in the
geometric optics limit is reduced to calculation of the
Pearcey integral [9—11]. The intensity /(x, z) of scat-
tered light is presented by the squared modulus of
function V:

1(x,2) o ¥,

¥ (x,2) = T exp| —i (zt + xt* +1*) | dt. @

—oo

The analysis performed in [11] showed that the
approach based on Eq. (4) yields values close to the
exact results given by the Mie formulas at size param-
eters ¢, > Gmax- 1he ¢nay Value depends on the refrac-
tive index n, and is determined by comparing the
results of calculations in the geometrical optics
approximation and within the Mie theory (see Fig. 7
in [11]). One can see in this figure that, at n, = 1.5 and
size parameter values ¢ = 10 and 30, the calculation
results obtained in the geometrical optics approxima-
tion differ significantly from the exact solution,
whereas at g > 100 these results almost coincide. In the
formal condition of geometric optics applicability, g > 1,
the “much greater than” sign may indicate in reality
“much greater than 10.” The characteristic size of
these structures significantly exceeds the light wave-
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length. In fact, most of classical optics devices, starting
with the lenses in the Galileo telescope and Jansen and
Leeuwenhoek microscopes, are characterized by very
large values of size parameter ¢ in the optical region;
therefore, they can be described well by the geometric
optics formulas.

Nanotechnologies based on materials with a high
refractive index have been actively developed in recent
years [12]. Optical elements in these structures are
much smaller in size than the light wavelength, and the
structures themselves are characterized by size param-
eters smaller or on the order of unity: g,,, ~ 1 The opti-
cal properties of these structures are generally deter-
mined by the first three (dipole, quadrupole, and
octupole) Mie resonances, due to which the radiative
properties of nanoantennas can be controlled [12—14].
It is of fundamental importance to use wave equations
to describe these structures.

Spheres several wavelengths in size, as well as other
structures with intermediate values of the size param-
eter, g, ~ 10, had not been of any special interest for a
long time. However, a variety of new optical phenomena
(optical nanojets, nanovortices, magnetic light, Fano
resonances in dielectric spheres, anapole states and
superresolution microscopy, etc.) have been discovered
specifically in the range of size parameters: g,,, = 5—50.
Our review is devoted to these phenomena, occurring
in spheres several light wavelengths in size.

2. PHOTONIC NANOJET AND ITS PRACTICAL
APPLICATIONS

It is generally accepted that optics as science origi-
nated about three thousand years ago in the period
when the first lenses were invented by the ancient
Egyptians and Mesopotamians. Actually, the first
lenses found by people were water droplets. Even in
the period when viticulture arose (five or six thousand
years ago), it was known that grapes should not be
watered on a sunny afternoon, because small water
droplets burn leaves through. Glass manufacturing
technology also covers a period of several thousand
years. The oldest glass objects—glass balls—date back
to the third thousand years B.C., and glass amphorae
are found in excavations of the Hellenistic period. An
amphora filled with water can play a role of magnify-
ing glass. Pliny the Elder reported on the effect of
burning glass in the tenth volume of his Natural His-
tory. In essence, a photonic nanojet is a sphere of
micrometer size, exhibiting properties of burning
glass.

Even though Archimedes, Ptolemy, and most of
ancient physicists knew the effect of light refraction, it
took about a thousand years to describe theoretically
this phenomenon. The corresponding law was cor-
rectly formulated for the first time by Ibn Sahl of
Baghdad in 984 [15]. Then this law was rediscovered
by Thomas Harriot in 1602, Johannes Kepler in 1604,
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Willebrord Snell in 1621, and René Descartes in 1637
(this law is referred to as the Snell—Descartes law in
France). In 1662 Pierre Fermat proved that this law
follows from Fermat’s principle, according to which
light chooses the route characterized by minimum
travel time. Finally, in 1678, Christian Huygens
demonstrated that Snell’s law follows from the wave
nature of light and the Huygens—Fresnel principle.
According to Arnold’s principle [16], “If a notion
bears a personal name, then this name is not the name
of the discoverer.”

In 1609 Galileo invented a two-lens telescope, in
which a concave diverging lens formed a virtual,
enlarged object image. In 1611 Kepler formulated the
rules for constructing an optical image in a telescope
based on the refraction law of light and its rectilinear
propagation. In essence, Kepler was one of the found-
ers of the geometric optics method. Kepler investi-
gated imaging with thin lenses, but there is doubt that
he could analyze in a similar way the focusing effect of
a glass ball.

Using ray tracing [18] and Snell’s law (the method
known since the time of Kepler), one can make sure
that the rays refracted on the sphere boundary form a
caustic, which is described by the following paramet-
ric equation (with all coordinates are normalized to
the particle radius):

. = 1_l\/nz—l+cosz(p—2005(p
’ 2 \/n2—1+cosz(p—cos(p
Y. =secysin @ + x, tan y,

cos @ |cosV,

%)

where y = 2[¢ — arcsin (sin @/n)].

This caustic is presented by a cuspoid curve [18, 19]
(Fig. 2). The singularity point is the geometric optics
focus (incidentally, the term focus was also introduced
by Kepler) located at the point

_ n
xCl(p;)O - 2(}1 _ 1)' (6)

Thus,x,—>ocatn — l,andx,—> latn —> 2. Atn > 2
the caustic is located within the sphere; this holds true
for materials with a high refractive index. These mate-
rials are used in optically resonant dielectric nano-
structures [12], while the substances with a refractive
index less than two [17] are the main materials for
most of optical components (lenses, optical fibers,
etc.). This caustic was analyzed in several studies
devoted to the problem of photonic nanojet (see [17]
and references therein). Proceeding from Eq. (5) one
can determine the numerical aperture NA = n siny,
where the angle Y is calculated on the particle surface

atQ=9, = arccos|(n’ — 1)/ 3. This estimation yields

NA = nyJ(4 - nz)/ 3. The focus position is determined
by the formula

Xy =
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Fig. 2. (Color online) (a) Ray tracing for a large particle with a radius R > A. The angles of incidence (@) and refraction (8) inside
the sphere are related by Snell’s law: sin ¢ = n sin 0. A ray enters the particle at the point with the coordinates y;, = tan ¢ and
Xi, = —cos @. The angles % and o are given by the formulas x =26 — ¢ and o. = 2¢ — 20. Two close rays, y,. and y,. (corresponding
to the angles @ and @ + 3¢), at the output of the sphere after the second refraction are intersected at the caustic point
Xe= Xout + Bq) siny / aq, tan a, which yields Eq. (5) for the caustic. (b) The shape of caustic from Eq. (5) for a sphere with n = 1.5
is shown by a dotted black line (the cuspoid curve, which limits the rays emerging from the sphere) [22].

_2n° +9n* +48n° — 32
612 + W3 — 1)
The field intensity at the focus can be estimated as

1=1,27n"/4—n)’ [20]. Here, I, is the incident
beam intensity. Within the geometric-optics approach
the field intensity at the focus of spherical lens
depends on only the lens refractive index and is inde-
pendent of its size, whereas the focal spot size is pro-
portional to the sphere size and can be much lower
than the sphere radius. The light scattering from small
particles was investigated by Rayleigh [21]. It followed
from the theory that a small dielectric particle with a
size R < A does not behave as a small lens but scatters
light as a point electric dipole (symmetrically in the
forward and backward directions). Thus, an asymmet-
ric field distribution arises only in some range of R/A
values, and these values cannot be small. At the same
time, according to [11], geometric optics is also appli-
cable for only sufficiently large size parameters. The
Mie theory makes it possible to investigate arbitrary »
and ¢ values. Some examples are shown in Fig. 3.

It is noteworthy that, under certain conditions, the
intensity distribution in the xy cross section, which
passes through the photonic jet maximum, overcomes
the diffraction limit [22—26]. Due to the possibility of
controlling the photonic jet characteristics, this phe-
nomenon can be used in various fields, such as micro-
electronics [27—30], nanodetection [31], medicine
[32, 33], and nanoscopy [34, 35]. The photonic jet
effect is used in THz microscopy [36, 37]; it is also
applied to increase the sensitivity of receivers 5G and

(7)

Xg
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6G communication devices [38—41]. Among other
important applications, we should also mention sur-
face laser cleaning [42]. This phenomenon was discov-
ered independently by several research teams: the
group with participation of the Nobel Prize winner
A.M. Prokhorov [43] and the IBM European labora-
tory (priority of patent [44] on 1987). It was shown in
the aforementioned studies that, using pulsed laser
irradiation, one can remove metal and dielectric
microparticles of submicron sizes from the surfaces of
semiconductor devices. In view of the problem of sur-
face laser cleaning, first calculations of laser radiation
scattering from micrometer-sized dielectric particles
were also performed [45—47]. The formation of a pho-
tonic nanojet was evidenced by those publications (see
review [18]). The results of the corresponding studies
became helpful later, when studying nanoablation
[48—54]. Incidentally, the technology of forming
nanoholes on a substrate covered by spherical micro-
particles was also developed as a result of studying the
laser cleaning [46—48]. Figure 4 shows the view of a
surface with an array of nanoholes formed on a sub-
strate coated by a layer of micrometer-sized SiO,
spheres, exposed to a laser pulse. Nanoholes up to
30 nm in diameter can be formed in this way [50].

The laser irradiation of a surface through an array
of spherical particles also makes it possible to form
arrays of nanobulges [51, 56] or nanohillocks with a
height of 10—100 nm (Fig. 5), i.e., arrays of nanolenses
[57]. Surfaces with nanobulges have many various
applications, in particular, in magnetic recording [56].
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Fig. 3. (Color online) (a) Intensity distribution calculated according to the Mie theory with » = 1.5 and ¢ = 70. This distribution
is typical of the solution based on geometrical optics approximation (see, e.g., Fig. 5in [11]). (6) Intensity distributions according
to the Bessoid approximation [11] (solid blue line) and calculated according to the Mie theory (dotted red line).

Fig. 4. Arrays of holes formed by a femtosecond pulsed laser beam (FWHM = 150 fs, A = 800 nm) on a surface coated by a hex-
agonal colloidal monolayer of spherical particles: (a) silicon and (b) germanium substrates [49].

3. MAGNETIC LIGHT, NANOVORTICES,
DIRECTED SCATTERING,
AND FANO RESONANCES

About 400 years ago Rene Descartes suggested that
the world space is saturated with giant solar whirl-
winds, which make celestial bodies move. This con-
cept was later criticized by Newton; nevertheless, it
remained of interest for the public for a long time. For
example, Ishmael, a character in Herman Melville’s
Moby Dick, ruminated about these whirlwinds while
standing on board of the Pequod. From today’s view-
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point, we can consider Descartes’ ideas as precursors
of singular optics, optical vortices, and optical twee-
zers. Indeed, it was discovered that light vortices can
efficiently push particles; this discovery was awarded a
Nobel prize.

In 1974 Nye and Berry introduced a new concept
into the theory of waves: wavefront dislocations,
objects arising as a result of the interference of light in
the vicinity of singular points with zero Poynting vec-
tor [59—64]. These singular points in the phase plane
are characterized by topological charges. The term
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Fig. 5. (Color online) Silicon surface with nanobulges,
formed as a result of silicon irradiation by a KrF laser pulse
through an array of dielectric microspheres with a refrac-
tive index n = 1.6 [51].

Qsca

10 -

Fig. 6. (Color online) Dependence of the scattering effi-
ciency Oy, on the size parameter g for a sphere with a
refractive index n = 4, calculated using the formulas of the
Mie theory. The Mie resonances (dotted lines) are denoted
as follows: (md) magnetic dipole, (ed) electric dipole,
(mq) magnetic quadrupole, (eq) electric quadrupole, and
(mo) magnetic octupole. The points at which the electric
and magnetic dipoles become equal determine the scatter-
ing direction. Point 1 corresponds to the first Kerker con-
dition, at which backscattering is suppressed completely.
Point 2 corresponds to the second Kerker condition, with
minimum forward scattering [75—77]. The scattering that
is due to the electric dipole turns to zero at ¢ = 1.1654.

optical vortices was introduced for these states in [59].
A number of methods for forming optical vortices are
known in optics; they imply the use of Bessel,
Laguerre—Gaussian, and other laser beams (see, e.g.,
[65]). The optical vortices formed by these methods
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have characteristic sizes on the order of light wave-
length or larger [66]. Studies in the field of plasmonics
revealed that light scattering from plasmonic nanostruc-
tures may lead to the formation of optical vortices with
sizes much smaller than the light wavelength [67—73].

Optical vortices can be generated inside dielectric
spheres [66]. It is convenient to observe these vortices
in the Poynting vector distribution. Figure 6 shows the
first five Mie resonances for scattering from a spherical
particle with a refractive index » = 4 (Si at the boundary
between the visible and IR spectral ranges [74]).

Figure 7 shows the values of electric (£?) and mag-
netic (H?) intensities, as well as the modulus of Poynt-
ing vector |S| and Poynting vector lines at the points of
first five resonances in Fig. 6.

One can see characteristic scales of change in the cor-
responding fields at the Mie resonance points in the
plots. A noteworthy feature is the fast increase in the
magnetic intensity H? in comparison with the electric
intensity £? at the magnetic resonance points: /> = 663,
E?=25.4 for the magnetic dipole, H*>= 1330, £>= 102
for the magnetic quadrupole, and H? = 3410, E* = 524
for the magnetic octupole. One can easily see that the
enhancement of magnetic intensity with respect to the
electric intensity, H?/E?, is maximum for the magnetic
dipole and decreases with an increase in the magnetic
multipole order. Examples of vortices in the Poynting
vector distribution for higher resonances are presented
in Fig. 8.

The possibility of forming large magnetic moments
during light scattering at optical frequencies in nano-
spheres with a high refractive index was predicted in
theoretical studies [79, 80]. This phenomenon was
soon confirmed experimentally [81, 82]. The presence
of a large magnetic dipole moment allows one to
implement directed scattering for particles with a
small size parameter (¢ << 1). For these particles, the
Rayleigh scattering caused by excitation of electric
dipole moment is symmetric relative to the wave vec-
tor direction. Under these conditions, the maximum
in the scattering diagram is directed aside with respect
to the wave vector of the incident wave. Simultaneous
excitation of electric and magnetic dipole moments
makes it possible to form forward or backward scatter-
ing. The phenomenon of directed scattering for small
(in comparison with the light wavelength) particles
was experimentally confirmed in the microwave [83],
visible [84], and IR [85] ranges. In essence, this was a
confirmation of the possibility of designing high-effi-
ciency nanoantennas [86].

The efficiencies of forward and backward light
scattering (Qps and Qgg, respectively) in the Mie the-
ory are determined from the formulas
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Gma = 0.7563 Geg = 1.0174 (g = 1.0958 Goq = 1.3765 Qo = 1.4192

Fig. 7. Distributions of the electric intensity E (first row), magnetic intensity H (second row), Poynting vector modulus |S| (third
row), Poynting vector lines (fourth row), and the resonant values of size parameter in the corresponding columns. The values for
the first five resonances in Fig. 6 are indicated.

(a) (b)
zZ/R zZ/R

/il &
0 N\

"

0

Fig. 8. (Color online) Poynting vector distributions for particles with refractive indices (a) n = 1.5, ¢ =10 [17] and (b) n =4, g =2
[78] in the range of high resonances with £ values on the order of 10.
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Fig. 9. (Color online) (a) Plots of the functions Qg (red line) and Qgg (blue line) on a logarithmic scale for a particle with a
refractive index n = 4. (b) The scattering diagrams in the minima of the corresponding functions. The left scattering diagram cor-
responds to the first Kerker condition (point 1 in Fig. 6), at which backscattering is suppressed completely. The right scattering
diagram (point 2 in Fig. 6) corresponds to the second Kerker condition, with minimum forward scattering.

2

1
Ors =
q

]

i(Qf + 1)(0{7 + bg)
€=1

) (8)

b

D QL+ 1)(=1)(a, - by)
=1

1
Ogs =
q

where the scattering amplitudes a, and b, are given by
formulas (2).

The backward scattering for small particles is com-
pletely suppressed when a; = b,. Since the scattering
amplitudes are complex, this condition is a set of two
equations. Figure 9 shows plots of the functions Qg
and Qg and the scattering diagrams corresponding to
the local minima of these functions.

Varying the size and shape of a particle, one can
control both the amplitude and angular distribution of
the scattering diagram [87—89]. Fano resonances play
an important role in the light scattering by nanoparti-
cles. These resonances, arising as a result of the inter-
ference of signals with wide and narrow spectra, are
used in various physical, chemical, and biological
applications [90—93]. The Q factor of Fano reso-
nances increases for higher order modes; for example,
the interference of the wide dipole (Rayleigh) mode
and the narrow octupole mode in plasmonic particles
provides a sharper resonance than the similar interfer-
ence of dipole and quadrupole modes (see, e.g., Fig. 3
in [90]). Excitation of higher order Fano resonances
[94—97] makes it possible to increase the sensitivity of
resonant nanostructures. High-order (quadrupole,
octupole, hexadecapole, and triacontadipole) Fano
resonances, formed in an optimized plasmonic silver
nanostructure with a disk ring, were demonstrated in
[97]. However, the advance to resonances of even
higher order in plasmonic nanostructures is limited by
the dissipation effects in the visible range. In contrast,
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the dissipation effect may be weak in dielectric mate-
rials, due to which high-order Fano resonances can be
implemented [78].

The main features of the Fano resonance can be
understood by considering the classical problem of
interaction of coupled oscillators [98, 99]. The exis-
tence of interference in this system is well known. This
phenomenon is used, for example, in dynamic damp-
ing systems [100]. The dynamics of two coupled oscil-
lators is described by their displacements from the
equilibrium position, x; and x,:

.. . 2 2 —i
X+ %+ orx = QN(x, - x) + fie”, )
X+ 1%, + (L)%xz = Qz(xl - X))+ fre .

Here, o is the external force frequency, ®; and m, are
the eigenfrequencies, €2 is the oscillator coupling param-
eter, and y, and v, are the dissipation coefficients.

The steady-state solutions for the displacements
are periodic functions: x, = x,exp(—i®f) and
X, = X,y exp(—i®r), where the amplitudes x,, and x,,
are given by the expressions

X9 = (fi + f‘2)92 — f]l(l’Y2(,0+ 0)2 — (,0;)
(@ - 0 - ino)(w; - o - 7o) - Q°

ry = L = o+ o’ —0)
(@ =0 — ifO)(; — 0" —iv,0) - Q°

The paradigm of the classical analog of Fano reso-
nance is as follows: light excites only a wide mode, for
example, x;, while a narrow resonance with a displace-
ment x, (dark mode) is excited only due to the oscilla-
tor coupling [101, 102]. In this context, only one oscil-
lator is driven by a harmonic force, so that we can
assume that £, = 0. A specific example of this situation
isshown in Fig. 10. The effects of both constructive (at

(10)
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Fig. 10. (Color online) (a) Schematic diagram of two coupled oscillators. (b) The oscillator amplitude x, was calculated from
formulas (10) for ®; = 1, 0, = 1.1, Q = 0.25, y; = 0.1, and 7y, = 0.01. Correspondingly, constructive and destructive interference
occurs at the resonant frequencies ® = ®;( and ® = M, (indicated by arrows). These frequencies lie in the vicinity of hybrid eigen-
frequencies [98, 99]. (c) Phases of the first (¢;) and second (¢,) oscillators and their difference as a function of excitation fre-

quency [103].

o = M) and destructive (® = ®,;) interference can
easily be identified in the resonance region. Note that
a T phase jump arises for the second oscillator in the
vicinity of Fano resonance (see Fig. 10c). Below the
resonant frequency both displacements are in phase,
while above the resonant frequency they oscillate in
antiphase.

The coupled oscillator model was used to explain
qualitatively many experimental results on Fano reso-
nances (see, e.g., [103, 104]). However, to compare
more adequately the theoretical and experimental
data, one must solve numerically Maxwell’s equa-
tions.

In the case of dielectric sphere, the high-order
internal resonance mode interferes with the wide
spectrum of all other modes. This effect is demon-
strated in Fig. 11 for a particle with a refractive index
n= 1.5 and a size parameter ¢ = 26.9419. These
parameters correspond to the resonant magnetic
mode with € = 35. At the same time, the total number
of modes taken into account for this size parameter in

the Mie theory is € ., = 41. Figure 11a shows the cal-
culated field distribution in the {x, z} plane, in which
all modes with € < € are taken into account. In Fig.
11b we present the same pattern, where all terms are
taken into continuation, except for only the resonant

term with € = 35. Thus, the only term with € = 35
leads to an increase in the scattered light intensity by a
factor of 200.

The interference of wide and narrow spectral lines
leads to a characteristic shape of Fano resonance for
scattering in the far-field zone, as well as for the spec-
tra of electric and magnetic field strengths on the par-
ticle surface at size parameters close to g = 20 (Fig. 12).
Note that the characteristic shape of Fano resonances
is observed also in the moduli on the scattering ampli-
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tudes [104]. The positions of the resonances in Figs.
12a and 12b coincide, but their amplitudes change by
about 20% in the case of far-field scattering, whereas
the amplitude of variations in the electric and mag-
netic field strengths is one to two orders of magnitude.
The field intensities on the particle surface are pre-
sented in Fig. 12b, whereas inside the particle the
fields may be an order of magnitude stronger. It fol-
lows from the analytical calculations [78] that the
increase in the field strength within a particle for high-
order Fano resonances may be as high as 10°—10". The
low energy dissipation in the material may also facili-
tate the field localization [105]. These high-order
Fano resonances are promising for generating giant
high-frequency magnetic fields inside dielectric parti-
cles [106]. Naturally, the size parameter must be larger
for particles with a smaller refractive index than for the
particles having a high refractive index. The typical
range of the size parameters of interest is ¢ = 5—50. For
the visible spectrum, g = 10 corresponds to a particle
size of about 10 um. In microwave materials with a
high permittivity (¢ > 100) strong amplification of
magnetic fields can be observed even in the range of
the first Fano resonances [106].

Fano resonances and optical vortices are due to
interference phenomena of different types. Generally
these phenomena are independent. In many cases
Fano resonances are observed without being bound to
optical vortices, and the optical vortices are not
accompanied by Fano resonances. However, when
light is scattered from plasmonic nanoparticles, Fano
resonances are accompanied by phase effects typical
of singular optics [107]. In this case optical vortices
with characteristic core sizes much smaller than the
diffraction limit are formed. Surprisingly enough, it
turned out that similar phenomena occur in dielectric
particles with a size parameter g ~ 10.
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Fig. 11. (Color online) (a) Scattered-light intensity distribution in the {x, z} plane, calculated according to the Mie theory with

allowance for all terms with € < € max

= 41, and (b) the same distribution disregarding the only resonant term with € =35 [78].
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Fig. 12. (Color online) (a) Scattering efficiency for a particle with a refractive index » = 1.5 and size parameter close to g = 20 and
(b) intensities of electric and magnetic fields on the surface of the same particle [78].

This phenomenon is explained within the theory of
superoscillations [ 108—111], which is based on the fol-
lowing phenomenon: functions with a limited fre-
quency range can oscillate more rapidly than their
highest Fourier components [112, 113]. Due to this,
fields can be localized on scales smaller than the dif-
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fraction scale according to the Abbe criterion: Ax =
A/2n. The local value of the wave vector of field inho-
mogeneity is related to the local phase gradient for this
field, k.. = V@ [113]. Singular optics is related to the
formation of wavefront vortices and dislocations [58—
66]. The key point of singular optics is the uncertainty
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Fig. 13. (Color online) Electric and magnetic field distributions in a particle with a refractive index n = 4 and size parameters
(a) ¢ = 1.41923 (magnetic octupole resonance) and (b) ¢ = 1.70109 (electric octupole resonance). One can see strong magnetic
field enhancement in the particle. (¢) Maximum values of magnetic intensity A“ (normalized to the intensity in the incident wave)
in a dielectric particle with a refractive index n = 4 (red dots) for the first four internal magnetic resonances. The plot shows the
magnetic field strength on the particle surface at the wave emergence point (blue dots) [78].

of electromagnetic field phase at the points where the
wave intensity is zero. At this point one can conjugate
continuously any phase values differing by 2rm, where
the integer m is the so-called topological charge; it
indicates the number of phase front twistings. There
are many methods for forming optical vortices using
diffraction, computer holograms, and spatial light
modulators (see, e.g., [58—66]). These vortices can
also be formed, for example, due to the light scattering
by plasmonic nanostructures [67, 68]. In the case of
weakly scattering plasmonic spheres, vortices can be
observed even in the vicinity of dipole and quadrupole
plasmon resonances (see examples in [67—73, 114]).

For small particles the Rayleigh approximation
yields a scattering efficiency associated with the elec-
tric dipole resonance [6]:

2

8le —1

3le+2

Here, ¢ is the particle permittivity. This formula
follows from the general formula of the Mie theory in
the limit ¢ << 1. Using this formula, Rayleigh explained
the blue color of the sky [20]. However, Rayleigh’s
approximation (11) cannot be applied to weakly
absorbing plasmonic particles. At the plasmon reso-
nance frequency, when € — —2, the scattering cross
section tends to infinity: Q..,, — o°. The Mie theory
yields a correct (in the corresponding limit) value for
partial scattering from the /th multipole resonance:

0 =20 +1)/¢* [115, 116]. As a result, anomalous
scattering with inverse hierarchy of optical resonances

4

Oica = q. (1)
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(the amplitude of quadrupole resonance exceeds that
of the dipole resonance, the octupole resonance
amplitude exceeds the quadrupole resonance ampli-
tude, etc.) may occur in particles with low dissipation
[117, 118].

A similar problem occurs in the case of Rayleigh

approximation for the absorption of a small particle
[6, 119]:

12¢,
q 2 2 b
€ +2) +¢

where € = €, + i€,. One can easily see that formula (12)
contains an uncertainty at €, — 0 at the plasmon reso-
nance frequency €, — —2. In reality, anomalous
absorption is implemented at certain low dissipations
[120], at which a maximally possible (at g << 1) value is

obtained:
= lz((i + l).
q 2

This value is smaller by a factor of 4 than the max-
imum scattering intensity for the corresponding mul-

tipole: Qs(fa) =220 + 1)/ qz. Anomalous absorption is

obtained at different values of permittivity, depending
on the particle size [120, 121]. For the dipole reso-

Qabs = (12)

Ol4) (13)

nance, € =-2-— 2.44%, g, = 2¢°. The anomalous
absorption gives rise to the funnel effect [122], when a
particle behaves as an attractor, collecting light from a
large area and supplying it to the absorbing particle.

This effect can be seen well in the Poynting vector dis-
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Fig. 14. (Color online) Poynting vector distribution in the xz plane for anomalous absorption in the vicinity of dipole resonance
for plasmonic particles irradiated in vacuum. An incident linearly polarized plane wave propagates along the z axis with a vector
E lying in the xz plane. The size parameter g is (a) 0.5 and (b) 0.1. The color density plots present Poynting vector modulus |S|2
(on the logarithmic scale). The Poynting vector lines are shown blue. The particle surface is denoted by a black line. Inside the
particle div S < 0; beyond the particle (in the free space) div S = 0. The red lines in the plots denote separatrices, which illustrate
the funnel effect. The white circles denote singularities: one saddle point is located above the particle, two singularities are located
on the particle surface, and several stable nodes in the particle correspond to the absorption center positions [121].

tribution [65, 120, 121] (Fig. 14). As a result, the effec-

tive absorption area, nResz , becomes much larger than
the geometric cross section TR?. The smaller the par-
ticle size, the more pronounced this effect is. For the

example presented in Fig. 14, (R, / R)zz 10 atg=0.5
(Fig. 14a), while at ¢ = 0.1 this value is about 300
(Fig. 14b).

The nanoparticle size and radiation wavelength at
which anomalous absorption occurs can be deter-
mined for any real metal. The effective absorption
coefficient o, of a particle under anomalous absorp-
tion conditions may significantly exceed its intrinsic
absorption coefficient . Thus, the effective absorp-
tion of weakly absorbing metals (K, Al, Na) can be
increased by more than two orders of magnitude [121].
This is of interest for biomedical applications of
nanoparticles [123].

4. ANAPOLE AND BOUND STATES
IN CONTINUUM

In the last decade, the interest in various optical
effects related to the so-called toroidal electrodynam-
ics has been continuously increasing [124]. This inter-
est is due to the specific features of the multipole
response of the corresponding optical structures [ 125].
Here, one of the most interesting optical effects is the
nonradiative state, the so-called anapole (toroidal
dipole). This term, proposed by Ya.B. Zel’dovich
[126], is related to a special distribution of charges and
currents, which neither emits nor interacts with exter-
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nal fields. The toroidal dipole corresponds to currents
flowing over the torus surface. It is convenient to study
the effects of interaction of electric, magnetic, and
toroidal dipoles in terms of multipole expansion in the
Cartesian coordinate system [127]. All multipole
modes are expressed in terms of integrals of different
moments of current j over the particle volume. For
example, the dipole moments can be written as [127]

_if. 3 _1 o 3
pi _O)J‘Jld ra mi _2J.(rx.])ld r,
V1 4 (14)
T =—=||(jxr)r =2r"j d’r.
i IOVI:(J )1 Jl:ld

Here, p; is the electric dipole, m; is the magnetic
dipole, and T; is the toroidal dipole. The electric and
toroidal dipoles turn out to have identical spatial
distributions but different far-field phases (Fig. 15).
The interference of these dipoles leads to vanishing
scattering: the scattering object becomes invisible in
the far field.

It can be seen in Fig. 6 that, at n = 4, the dipole
scattering amplitude (red dotted line) turns to zero at
the size parameter ¢ = 1.1654. Note that the object
remains visible in the near field. The anapole model was
applied to describe dark matter in the Universe [128].

Since the times of Rayleigh, it is believed that even
a very small particle can be seen because of light scat-
tering; the minimum scattering is determined by for-
mula (11). According to this formula, the ratio of the
scattering efficiency to the fourth power of size param-
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Fig. 15. (Color online) Spherical electric dipole according to the Mie theory at n =4 and A = 550 nm (black line), electric dipole
in the Cartesian representation (red dotted line), and toroidal dipole moment (green dash-dotted line). For small spherical par-
ticles the contributions of spherical and Cartesian electric dipoles are identical, and the toroidal moment is small. For large par-
ticles one must take into account the contribution of the toroidal dipole moment. The anapole excitation is related to the disap-
pearance of spherical electric dipole, when the Cartesian electric and toroidal dipoles compensate for each other [129].
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Fig. 16. (Color online) (a) Scattering efficiency of a spherical particle in correspondence with the Rayleigh approximation (blue
line) and the exact result of the Mie theory (red line) for a small size parameter: ¢ = 0.3. The inset in panel (a) shows resonances
at higher refractive indices. In the vicinity of n = 15, 26, 36 the total scattering is less intense than it should be in accordance with
Eq. (11). The region of suppressed scattering (dotted rectangle in panel (a)) is presented in more detail in panel (b), where the
Rayleigh approximation (blue line) and exact value given by the Mie theory (red line) are shown jointly with four particular scat-
tering coefficients for the magnetic dipole (md), electric dipole (ed), magnetic quadrupole (mq), and electric quadrupole (eq).

Q(Ra)

The inset in panel (b) shows the range Q,., < QS(CRaa), extended from n = 15.0 to n = 15.7. (c) The range Q,., < O, as a function

of size parameter at n = 15.0 [130].
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Fig. 17. (Color online) (a) Dependence of the scattering efficiency on the size parameter for three refractive indices: n = 15 (red),
17 (green), and 20 (blue). Open circles show the positions of local scattering minima. Triangles indicate the spread at the points

corresponding to minimum forward scattering under the second Kerker condition. (b) Dependence of Qs(ga) / q4 on the refractive
index along the directions of Rayleigh scattering (green line) and anapole mode (red line) [130].

eter is a universal function, which increases mono-
tonically with an increase in refractive index at n > 1:

5 8le—1[
B s (15)
q 3le + 2

In the case of Rayleigh scattering the main contri-
bution to scattering is from the electric dipole mode.
The contribution from all other multipoles is much
smaller. However, the interference between the elec-
tric and toroidal dipoles may suppress Rayleigh scat-

tering [130]. This suppression occurs when Ql(e) =0

(which is equivalent to R\” = 0). This condition is
satisfied along the trajectory determined by the equa-
tion [131]

1-n*+ q(n2 -1+ n2q2)cot(q)
+ ng(n’ —=1—=n’q’)cot(ng) (16)
+ nq2(1 - nz)cot(q) cot(ng) = 0.
Here, we consider only those solutions to Eq. (16)
for which cos(g) # 0 and cos(ng) # 0.

It is no surprise that the particle scattering effi-
ciency near resonances is much higher than in the case
of Rayleigh scattering. However, the asymmetric
shape of resonance line (Fig. 16a) also leads to strong
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suppression of total scattering near the resonance,
which becomes smaller than that given by Rayleigh
formula (11). This effect is observed, for example, in
the vicinity of n = 15 (area outlined by a dotted line in
Fig. 16a). This area on a larger scale is shown in Fig. 16b.
It can be seen in the plot that there are two closely
spaced resonances: electric dipole and magnetic
quadrupole, which are not resolved on the scale of
Fig. 16a. Despite the fact that there are many points
with local scattering minima, as demonstrates the
inset in Fig. 16a, a more accurate consideration within
the Mie theory shows that the global minimum of
scattering is obtained in the resonance minimum near
n = 15. The total scattering efficiency Oy, ~ 5.99 x 103
for a particle with this refractive index is lower by a fac-
tor of about 3.5 than for the Rayleigh scattering calcu-

lated from formula (11), O =~ 2.11x107%. A detailed
analysis of this resonance [130] shows that its shape is
typical of a Fano resonance with a narrow transmis-
sion band, as presented in Fig. 16a.

When exciting an anapole mode, scattering less
intense than the corresponding Rayleigh scattering
can be implemented (Fig. 17). It is noteworthy that the
anapole mode yields the global scattering minimum.
The minimization of only differential scattering does
not minimize total scattering. For example, the mini-
mization of forward scattering (provided that the sec-
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Fig. 18. (Color online) Trajectories Fl(e)(n, ¢) = 0 (equivalent of 9‘{&1) =0)and Fl(m)(n, q) = 0 (equivalent of SKY’) = 0), corresponding
to the disappearance of electric and magnetic dipole modes in the plane of parameters # and g, for (a) n < 5and (b) n > 5.

ond Kerker condition is satisfied) approaches to a
local minimum in scattering (Fig. 17a), but the inten-
sity of this scattering is nevertheless higher than that of
Rayleigh scattering. The global scattering minimization
is explicitly visualized in Fig. 17c, where the parameter

S(CIZ") / ¢' as a function of particle refractive index is

shown for the Rayleigh approximation and for the global
minimum related to the anapole mode excitation.

The anapole mode was observed experimentally in
the microwave range for a metamaterial whose unit
cell contained four split wire loops, inserted in a
dielectric plate [132], as well as in the optical range for
silicon nanocylinders [129], in plasmonic devices
[133], and in many other systems [79, 134—154].

A hybrid situation was discussed in [131], where
electric and magnetic anapole modes were excited
simultaneously at the same frequency. Similar to
Eq. (16), one can determine the trajectory of the curve

along which Ql(m) =0:

The plots of the curves (16) and (17) are presented
in Fig. 18. One can see that, at certain » and q values,
one can simultaneously turn to zero the contributions
of both electric and magnetic dipole scatterings.

The field distributions in the case of electric and
magnetic anapoles differ qualitatively (Fig. 19).
Figure 19a (top) shows the electric vector distribution
inside a nanoparticle. The white lines are electric field
force lines. A poloidal current can be seen well in this
distribution. The Poynting vector distribution in the
{x, z} plane is shown in Fig. 19b. Note that the energy
flux is almost absent in the region of separatrice loops
around the focal points 3 and 4. The electric anapole
is equivalent to the confocal system of two lenses with
a numerical aperture (NA) close to unity.

The lower plot in Fig. 19a presents the distribution
of magnetic field intensity /2 in the {y, z} plane. White
lines are the force lines of the magnetic field vector H.
The plot demonstrates a poloidal distribution of mag-
netic field in the nanoparticle. Figure 19b (bottom)

n’ —1+ng [cot(ng) — ncot(n)] =0, (17)  shows that, in contrast to the electric anapole, where

energy is “captured” into the particle, the energy in

which is equivalent to imb) =0. the magnetic anapole is “pushed out” beyond the par-
PHYSICS OF WAVE PHENOMENA Vol.30 No.4 2022
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Fig. 19. (Color online) The patterns in the upper row correspond to an electric anapole with Ql(e) =0 (¢=0.17988 and n = 25):

distributions of the (a) electric field E2, (b) Poynting vector modulus in the {x, z} plane, and (c) z component of the Poynting
vector in the {x, y} plane along the particle diameter. The red dotted line shows the diffraction limit t/2gn = 0.35, and the blue
line indicates the FWHM value for intensity. Similar distributions in the lower row correspond to a magnetic anapole with

0™ =0:¢=0.23062 and n = 25 [131].

ticle and a near field (similar to a plasmonic particle)
is formed. This can be seen well in Fig. 19¢ (bottom).

Thus, simultaneous destructive interference of the
electric, magnetic, and corresponding toroidal dipole
modes (the so-called hybrid anapole mode) can be
achieved for a spherical particle by changing the
refractive index and/or size of this particle. However,
the number of degrees of freedom in spherical geome-
try is insufficient to expand the effect of hybrid
anapole mode to higher multipoles. In view of the
optical theorem, it is also impossible to develop an
ideal anapole with destructive interference for all mul-
tipoles when a particle is exposed to plane waves. In
principle, radiative loss can be suppressed for a finite
number of multipoles, using a nanoantenna of com-
plex geometry. A possibility of exciting the hybrid
anapole state in a dielectric particle, providing sup-
pression of both the dipole and quadrupole electric
and magnetic scatterings, was demonstrated in [153].
This hybrid state can be excited in a particle shaped as
a triaxial ellipsoid with semiaxes {a, b, ¢} by choosing
appropriate side ratios b/a and c/a, as well as the
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refractive index » and size parameter g = 2Tca/ A. An
example of this state is shown in Fig. 20.

Anapole states correspond to the suppression of far-
field scattering; they provide simultaneously energy
concentration in subwavelength volumes, which was
confirmed experimentally [154]. This effect is used to
enhance nonlinear interactions in nanostructures (see
numerous examples in [139, 154—163]).

Figure 21 shows a possible anapole laser design
proposed in [159]. Recently this concept was imple-
mented experimentally for active dielectric metasur-
faces, consisting of InGaAsP nanodisks with built-in
quantum wells [164]. Low-threshold room-tempera-
ture lasing was demonstrated for a metasurface com-
posed of anapole lattices.

Another type of interference phenomena arises
when there is a strong coupling between the radiative
modes maintained by subwavelength dielectric cavity
with a high refractive index. In this case, resonances
due to the continuum bound states arise [141, 165].
The nature of these resonances is related to the disap-
pearance of the relationship between the resonant
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Fig. 20. (Color online) Distributions of electric and magnetic fields in the (a, d) xy, (b, e) yz, and (c, f) xz planes for an ellipsoidal
particle with the axes a = 0.7R, b = 1.85R, and ¢ = R at a refractive index n = V30 and size parameter ¢ = 0.85. The position of

magnetic quadrupole resonance can be shifted using additionally a thin substrate with a low permittivity: € = 1.5 [153].
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Fig. 21. (Color online) (a) Dependence of the In,Ga; _ ,)As band gap on the molar ratio x InAs. (b) Scattering cross section of
an Ing 15Gay gsAs nanodisk in dependence of the disk diameter ¢ and incident wavelength A. The white dotted line indicates the
region in which scattering is suppressed due to the presence of anapole states. (c) Scattering cross section of an Inj ;5Ga gsAs
nanodisk with a diameter d = 440 nm and a height # = 100 nm. The red hatched area shows the profile of emission enhancement

in the scattering suppression range [159].
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Fig. 22. (Color online) Strong mode coupling in a subwave dielectric cavity with occurrence of quasi-localized state. Frequencies
of the Mie mode TE,; and Fabry—Perot mode TE|, in the avoided-crossing regime for the modes with an azimuthal number

m=0/[165].

mode and all environmental radiative channels. The
possibility of this resonance was discussed theoreti-
cally almost 100 years by von Neumann and Wigner
[166]. There are approximately ten different mecha-
nisms of the occurrence of these localized states in the
continuum. Of special interest for photonics turned
out to be the Friedrich—Wintgen mechanism [167],
where two modes of the same symmetry for the same
structure come closer with a change in the parameters
of the system. At the instant of anticrossing these
modes are in antiphase and compensate for each
other, emitting in the same radiative channel. A great
number of studies have been devoted to these struc-
tures (see reviews [139, 168—171]). For example, there
are two modes in a subwavelength dielectric cavity:
one is related to the Mie resonances in an infinite cyl-
inder and the other is related to the Fabry—Perot res-
onances upon reflection from the cylinder end faces
[165] (Fig. 22). The intersection of these modes with a
change in the cylinder height/diameter ratio and the
size parameter provides conditions for the formation
of quasi-localized state with magnetic octupole sym-
metry in the continuum.

The formation of quasi-localized modes in the
continuum is promising for many applications. For
example, a possibility of designing a laser operating at
the frequency of quasi-localized modes was demon-
strated in [170]. In our previous study [171] it was
shown that a bound state in the continuum makes it
possible to significantly enhance the magneto-optical
response of the system.

5. CONCLUSIONS

The following three ranges of size parameters g =
21R/A (R is the characteristic size of scattering object,
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A is the incident radiation wavelength) are generally
distinguished in modern optics: (1) g <€ 1, which cor-
responds to the Rayleigh scattering of small particles;
(2) g ~ 1, range of Mie resonances (generally, dipole,
quadrupole, and octupole resonances, which form a
section of modern plasmonics and nanophotonics
[12]) or mesoscopic range; and (3) ¢ > 1, the range of
geometric optics. The latter range for typical optical
materials (glass, quartz, etc.) covers very large sizes:
g =100 [11].

When scattering occurs from an isolated dielectric
nanoantenna [86] and dielectric nanostructures, in
contrast to plasmonics, both electric and magnetic
multipole modes can be excited. In this case, along
with the conventional Fano resonances, there is a vari-
ety of new resonant effects caused by interference.
These phenomena, often referred to as Kerker effects,
lie in the basis of some new resonant properties of
dielectric nanoantennas and metasurfaces. Control of
resonant multipole excitation of dielectric particles
and interference of electric and magnetic multipoles is
a key element in designing resonant dielectric metade-
vices. Dielectric particles of even simple shape allow
for excitation of a rich variety of electric and magnetic
multipole resonances in them. Phases and amplitudes
of these resonances can be controlled by changing the
size and shape of particles, as well as the environmen-
tal parameters. This control makes it possible to
enhance or suppress light scattering in certain direc-
tions and form complex scattering diagrams using
multipole interference.

The range of intermediate values of size parameter,
g ~ 10, had remained a terra incognita in the field of
optics for a long time; however, a number of new opti-
cal effects have been discovered in this field in the last
years: optical and magnetic nanojets [17], optical
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nanovortices of subwavelength sizes [73], anapole
nonradiative optical structures [131], high-order Fano
resonances with generation of superstrong magnetic
fields [78, 106], etc. In this context the values ¢ ~ 10
can be selected as a characteristic range of peculiar
optical phenomena, caused by the effects of magnetic
field localization. Even a new term was proposed for
this range: “optics of dielectric mesoscale particles”
[172] or “mesoscopic optics.”
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