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A Unique Extraction of Metamaterial Parameters
Based on Kramers–Kronig Relationship

Zsolt Szabó, Gi-Ho Park, Ravi Hedge, and Er-Ping Li, Fellow, IEEE

Abstract—In this paper, an improved algorithm for extracting
the effective constitutive parameters of a metamaterial is derived.
The procedure invokes the Kramers–Kronig relations to ensure the
uniqueness of the solution. The accuracy of the method is demon-
strated by retrieving the effective material parameters of a homo-
geneous slab. This study reveals under which conditions the calcu-
lation of the refractive index involves more than one branch of the
complex logarithmic function. A metamaterial built up from wires
and split-ring resonators is then investigated. The applicability and
limits of the presented algorithm are explored by observing how the
effective parameters of a metamaterial slab converge as its thick-
ness is increased.

Index Terms—Branching problem, effective material parame-
ters, Kramers–Kronig relations, metamaterials.

I. INTRODUCTION

E LECTROMAGNETIC metamaterial research [1]–[3] has
attracted much interest over the last few years. In spite of

considerable progress, researchers are still debating the funda-
mental issues and question the validity of the effective medium
concept, which is essential for understanding the electromag-
netic behavior of metamaterials (see [1, App. C] or [4]).

The usual design of metamaterials requires the computation
of transmission-reflection data or -parameters of a unit cell
with a full-wave electromagnetic field solver. Electromag-
netic material properties such as wave impedance, refractive
index, electric permittivity, and magnetic permeability are
then obtained by applying the effective medium theory [5],
[6]. This theory replaces the electromagnetic response of the
complicated metamaterial structure with the electromagnetic
response of a homogeneous isotropic or anisotropic slab. The
mathematical solution of this problem is generally not unique.
To get a unique solution, physically justified constrains must be
imposed. The continuity of complex electric permittivity and
magnetic permeability with frequency must be enforced. Fur-
thermore, a passive medium cannot have gain or lasing. At this
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point, it should be noted that, in this paper, the time–harmonic
convention is used. Consequently, for passive media
the imaginary part of the refractive index must be positive.

Several effective metamaterial parameter retrieval techniques
are found in the literature [7]–[11]. In general, these methods
yield a scalar electric permittivity and magnetic permeability,
while the electromagnetic behavior of most metamaterial de-
signs is anisotropic, requiring a tensor to properly describe it.
Furthermore, a negative refractive index is only possible when
the metamaterial is excited by a plane wave with specific po-
larization direction and angle of incidence. Even when all el-
ements of the full permeability and permittivity tensor are de-
termined [12], [13], the model can predict just the far-field be-
havior, while the near-field behavior of the metamaterial is lost.
For most metamaterial devices, the coupling effects between the
metamaterial and surrounding structures cannot be neglected.
Hence, a full-wave simulation must be performed to obtain the
correct electromagnetic fields.

In spite of these limitations, the effective material parameters
can be useful in designing optimal metamaterial unit cells with
a computer. Due to the high computational cost of the electro-
magnetic field solution, the metamaterial geometry can be opti-
mized in a first design phase for a specific polarization and angle
of incidence. For this purpose, a robust and fast effective meta-
material parameter retrieval procedure is required.

A method to retrieve the effective material parameters has
been presented in [7]. The advantage of this algorithm is that the
wave impedance and the imaginary part of the refractive index
can be uniquely determined from the -parameters. However,
the retrieval algorithm has two limitations. In order to deter-
mine the real part of the refractive index, a cumbersome iterative
method based on a Taylor series is required. In addition, when
the usual passive material conditions and
are imposed, the method cannot find any effective material pa-
rameters for some frequency regions. However, as it has been
pointed out in [8] and [14] that the magnetic and electric dipoles
induced in metamaterials are not independent of each other, and
the passivity condition can be fulfilled even when
or . Relaxing this condition allows us to calculate
effective parameters in regimes where the method in [7] fails.

The Kramers–Kronig integrals, which relate the real and
imaginary parts of an analytic complex function, are funda-
mental physical relations based on the principle of causality
[15], [16]. They were successfully applied to conventional
optical materials [17]; for example, to calculate the refractive
index from measured absorption data. In [18], it was shown
that the Kramers–Kronig relations are valid for negative index
materials as well.

0018-9480/$26.00 © 2010 IEEE
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The purpose of this paper is to present an enhanced algorithm,
which extracts the effective magnetic permeability and electric
permittivity of a composite electromagnetic structure from cal-
culated or measured transmission-reflection data. Such an al-
gorithm will be instrumental in designing structures with opti-
mized constitutive parameters. The novelty of our approach lies
in employing the Kramers–Kronig relations to estimate the real
part of the refractive index in order to ensure the uniqueness of
the effective parameters.

The procedure of our algorithm is summarized in the fol-
lowing. The wave impedance can be uniquely determined
from -parameters. However, the calculation of the refractive
index involves the evaluation of a complex logarithm. The
complex logarithmic function is a multivalued function [19].
The resulting uncertainty is referred as a branching problem,
which affects only the real part of the refractive index. To
remove this ambiguity, the Kramers–Kronig relation can be
applied to estimate the real part of the refractive index from
the imaginary part. The physically realistic values of the re-
fractive index are determined by selecting those branches of
the logarithmic function that are closest to those predicted by
the Kramers–Kronig relation. The algorithm also enforces the
continuity of the refractive index versus frequency.

II. EFFECTIVE MATERIAL RETRIEVAL ALGORITHM WITH

KRAMERS–KRONIG RELATIONS

The input data of the algorithm are the effective thickness
and the complex -parameters of the metamaterial slab calcu-
lated or measured at distinct frequency points. As was shown
in [7] and [8], for metamaterials with symmetrical geometry (in
the direction of propagation of the electromagnetic wave), the
effective thickness is just the sum of the length of the unit cells
it contains. In this paper, metamaterials with symmetric geome-
tries are considered. Therefore, no additional procedure is re-
quired to determine .

One way to generate the -parameters of a metamaterial slab
is to model it with a 3-D electromagnetic field solver. As we will
show later, this algorithm is well suited to time-domain electro-
magnetic field solvers because large frequency ranges can be
covered in a single run. However, in time-domain solutions, it
is more difficult to control modes excited in the structure. When
the observation points are placed in the near field of the peri-
odic metamaterial structure, the unwanted higher order modes
can be captured, which leads to wrong effective material param-
eter values. In order to obtain accurate -parameters, the obser-
vation points should be positioned far enough from the surface
of the metamaterial to sample only the dominant mode. Conse-
quently, the phase delay caused by the additional distance must
be compensated to determine the correct phase at the boundaries
of the metamaterial.

As presented in [7], for a plane wave with normal incidence
on a homogeneous slab, the wave impedance and the refractive
index are related to the -parameters as follows:

(1a)

(1b)

where , is the complex
wave impedance, is the complex
refractive index, is the refractive index, is the extinc-
tion coefficient, is the free-space wavenumber, and is the
angular frequency. From the previous relations,

(2)

(3)

The sign of the wave impedance (2) is determined by imposing
the conditions and , or equivalently,

; for details, see [7] and [11]. The complex
refractive index can be calculated as

(4)

where is an integer denoting the branch index. Separating the
real and imaginary parts of the above expression, the refractive
index and the extinction coefficient become

(5)

(6)

where is the refractive index corresponding to the prin-
cipal branch of the logarithmic function. The parameter extrac-
tion procedure takes advantage of the fact that the imaginary
part of the refractive index is not affected by the branches of
the logarithmic function. Therefore, it can be calculated from
(6) without ambiguity. Knowing the imaginary part of the re-
fractive index, we can determine the real part by applying the
Kramers–Kronig relation

(7)

where denotes the principal value of the improper integral
[16]. The limits of the integral are 0 and , therefore the values
of the -parameters must be known for the entire frequency
range. Since this is not possible, the integral must be truncated,
and the Kramers–Kronig relations yield an approximation of
the refractive index. For accuracy, the range of the integration
should be as large as possible. Since time-domain methods yield
the -parameters over a large frequency range in a single run,
they are particularly well suited to this algorithm. On the other
hand, if the frequency becomes too large, we may reach a point
where the concept of effective parameters is no longer mean-
ingful since the guided wavelengths are on the order of the char-
acteristic dimensions of the metamaterial structure.

The integration of (7) can be performed numerically by ap-
plying the trapezoidal rule of integration. To avoid the singu-
larity of the improper Kramers–Kronig integral, the integration
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is split in two parts (Cauchy method [20]), leading to the fol-
lowing approximation of the Kramers–Kronig relation:

(8)

Substituting the refractive index predicted by the
Kramers–Kronig relation in (5), the branch number can be
expressed as

(9)

where the function rounds towards the nearest in-
teger. Therefore, the refractive index is calculated such that we
select the branch that is closest to the value predicted by the
Kramers–Kronig relation. The branch number is substituted
in (4), and the exact value of the refractive index is calculated.
The algorithm then checks the continuity of the refractive index

. A discontinuity close to the limit of the calculation zone
may be caused by the truncation error in the Kramers–Kronig
integral. If the discontinuity is far from the limits of the covered
frequency range and the discontinuity perseveres even when the
frequency interval of the simulation is increased, this indicates
that the limit of the effective medium theory has been reached.
Finally, by inverting the relations

(10)

the effective magnetic permeability and electric permittivity are
calculated as

(11)

A code written in MATLAB,1 which implements the presented
algorithm, is available online.2

III. ORIGIN OF THE BRANCHING PROBLEM

AND A TEST OF THE ALGORITHM

In this section, the effective material parameters of two ho-
mogeneous metamaterial slabs are calculated. Both slabs have
the same material parameters, but different thickness, namely,
40 and 200 nm.

The electric permittivity of many metamaterials can be rep-
resented by the Drude model

(12)

where is the electric permittivity at high frequencies, is
the Drude plasma frequency, and is the collision frequency;

1[Online]. Available: www.mathworks.com/products/matlab/
2[Online]. Available: http://effmetamatparam.sourceforge.net/

while the magnetic permeability can be described by the Lorentz
model

(13)

where is the static magnetic permeability, is the magnetic
permeability at high frequencies, is the magnetic resonant
frequency, and is the magnetic damping factor. The parameters
of the investigated homogeneous metamaterial slabs are

, rad s, rad s, ,
, rad s, and rad s.

Once the thickness of the homogeneous slab is fixed and the
material parameters are known, we can apply the analytical ex-
pressions (1a) and (1b) to calculate the -parameters. The effec-
tive material parameter extraction algorithm is then employed
to calculate the effective magnetic permeability and the effec-
tive electric permittivity. We compare the extracted material pa-
rameters to the exact values provided by the Lorentz and Drude
models. The purpose of this comparison is to demonstrate the
applicability of the algorithm and to estimate the accuracy of
the extracted effective material parameters. This study also re-
veals under which conditions the calculations involve more than
one branch of the complex logarithmic function.

Fig. 1(a) and (b) presents the -parameters of the
40-nm-thick homogeneous slab, and Fig. 1(c) shows the
refractive index for this case. In all the figures showing the
complex refractive index , the imaginary part is repre-
sented with point markers. The Kramers–Kronig approximation
of the refractive index is plotted with circle markers. Pos-
sible branches of the refractive index for
are plotted as well with upward-pointing triangle, asterisk,
downward-pointing triangle, diamond, cross, and bold plus
sign markers. The extracted refractive index is plotted
with plus sign markers. The slab of 40 nm is thin compared to
the wavelengths at which the refractive index is negative. In
this case, the phase of is continuous in the 180 180
interval [see Fig. 1(b)]; consequently, no branching problem
occurs. The real part of the refractive index calculated with
the Kramers–Kronig relation exactly follows the branch corre-
sponding to . The extracted effective electric permittivity
and magnetic permeability are presented in Fig. 2. The inset
shows the effective parameters in the double-negative frequency
region.

Fig. 3 shows the -parameters of the 200-nm-thick homoge-
neous slab. In this case, the phase of presents several dis-
continuities, as can be seen in Fig. 3(b). This fact indicates that
the 200-nm slab is thick compared to the wavelengths at which
left-handed behavior occurs, and that there are several branches
contributing to the physically correct refractive index, as can be
seen in Fig. 4(a). Fig. 4(b) shows the branch number as a func-
tion of frequency. In case of the thick slab, the branch number

can equal 2, 1, 0, and 1. Fig. 4(c) brings into focus the
double-negative frequency region to relay the fine details of the
negative refractive index and to show how the transitions from
one branch to another occur.
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Fig. 1. �-parameters and the refractive index of the 40-nm-thick homogeneous
slab. In (a), the magnitude, and in (b), the phase of the �-parameters are plotted.
In (c), the calculated extinction coefficient � , the Kramers–Kronig approxi-
mation � , several possible branches of the refractive index for� � ���� ��,
and the extracted refractive index � are presented. In this case, the refractive
index follows the branch with � � �. Note that � pHz � �� GHz.

From Figs. 1(c) and 4(a), we can observe that the curves of the
Kramers–Kronig approximation and of the refractive index ex-
actly overlap. This fact indicates the accuracy of the approxima-
tion given by (8). The extracted electric permittivity and mag-
netic permeability are independent of the slab thickness. They
are the same for both the 40- and 200-nm-thick slabs and equal
the exact values given by (12) and (13). This indicates that the
extracting procedure accurately reproduces the original values
of and entered in the model of the metamaterial, and
thus validates the proposed approach.

The phase of yields useful information on several facts.
If the phase change exceeds 180 , then more than one branch of

Fig. 2. Extracted effective electric permittivity and magnetic permeability. The
inset shows the effective parameters in the double-negative frequency region.
Note that the effective parameters are independent of the thickness of the ho-
mogeneous slab.

Fig. 3. (a) Magnitude and (b) phase of �-parameters for the 200-nm-thick ho-
mogeneous slab.

the logarithmic function can contribute to the refractive index.
In addition, it can also indicate the frequency range in which
the refractive index can be negative. Comparison of Fig. 1(b)
and (c) or Figs. 3(b) and 4(a) reveals that whenever the refrac-
tive index becomes negative, the slope of the phase changes
sign. However, a sign change in the slope of does not neces-
sarily imply negative refractive index, but it may indicate such
an occurrence. This can be explained by the opposite orienta-
tion of the group and the phase velocity in the double-negative
region [2].
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Fig. 4. (a) Refractive index of the 200-nm-thick homogeneous slab, (b) the
branch number �, and (c) a zoom to the double-negative frequency region
where more than one branch contributes to the refractive index. (a) presents
the calculated extinction coefficient � , the Kramers–Kronig approximation
� , several possible branches of the refractive index for � � ���� ��, and
the extracted refractive index � . Note that, in this case, the refractive index
follows different branches of the logarithmic function.

IV. EFFECTIVE MATERIAL PARAMETERS OF A METAMATERIAL

SLAB CONSISTING OF WIRES AND SPLIT-RING RESONATORS

In order to demonstrate the effective parameter retrieval al-
gorithm for a real metamaterial, a well-studied structure con-
sisting of split-ring resonators and metallic wires is considered
(see Fig. 5). The geometry of the unit cell, dimensions, and ma-
terial parameters are the same as in [8]. In this metamaterial de-
sign, the role of the split-ring resonators is to provide the nega-
tive magnetic response, while the wires are responsible for pro-
ducing the negative electric permittivity. This metamaterial de-
sign has been extensively discussed in literature, e.g., see [1, Ch.
4] or [21].

In our numerical simulations, the metamaterial is periodic in
the direction perpendicular to the propagation of the electro-
magnetic wave, and the electric field is polarized parallel to the

Fig. 5. Unit cell of the metamaterial slab composed of metallic split-ring res-
onators and wires separated by dielectric. Note that we consider a plane-wave
excitation with perpendicular incidence, and an electric field polarized parallel
to the wires.

Fig. 6. Retrieved refractive index, extinction coefficient, the Kramers–Kronig
approximation, and several branches of the only one-unit-cell-thick metamate-
rial slab. The refractive index has a discontinuity in the circled frequency region,
but this is a numerical error due to the truncation of the Kramers–Kronig inte-
gral and can be removed by increasing the frequency range of the simulation.

wires. At the same time, we consider metamaterials with one,
three, five, or seven layers of unit cells in the direction of prop-
agation. The aim of the calculation is to determine the effective
parameters of this metamaterial in the frequency range from 5
to 20 GHz. Simulations show that this metamaterial presents
many resonances outside of this frequency range. Therefore,
to get a good estimate for the Kramers–Kronig integral, the
simulations cover the 0–30-GHz frequency interval. We found
that when this frequency interval is even larger, the accuracy
of the Kramers–Kronig approximation does not change notice-
ably. Note that the calculation of the -parameters presented in
this section was performed with the time-domain solver of the
commercial software CST Microwave Studio.3

The retrieved refractive indices and extinction coefficients
are presented in Figs. 6–9, while Fig. 10 summarizes the effec-
tive electric permittivity and magnetic permeability in the fre-
quency region of the first resonance, where the double-negative
behavior occurs. As shown in Fig. 6, the metamaterial slab that
is only one unit cell thick is thin compared to the wavelength in
the considered frequency range. The calculated -parameters
are the same as in [8]. The phase of is continuous on the

180 180 interval. Therefore, the refractive index follows
the zero branch (see Fig. 6). The discontinuity of the refractive
index at the end of the covered frequency interval, marked
in Fig. 6 by a circle, is a numerical error due to the truncation

3[Online]. Available: www.cst.com
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Fig. 7. (a) Retrieved refractive index � and extinction coefficient � and
(b) the branch number � of the three-unit-cell-thick metamaterial slab. In (a),
the Kramers–Kronig approximation of the refractive index � and several
branches are plotted as well. The refractive index has discontinuity in the circled
frequency regions. Note that the effective medium theory can be applied outside
of the gray frequency region of (b).

Fig. 8. (a) Retrieved refractive index � and extinction coefficient � and
(b) the branch number � of the five-unit-cell-thick metamaterial slab. In (a),
the Kramers–Kronig approximation of the refractive index � and several
branches are plotted as well. The refractive index has discontinuity in the circled
frequency regions. Note that the effective medium theory can be applied outside
of the gray frequency region in (b).

of the Kramers–Kronig integral, and it can be removed by in-
creasing the frequency range of the calculation. Note that in the
following graphs presenting the refractive index, the circled re-
gions correspond to frequency regions where a discontinuity of

Fig. 9. (a) Retrieved refractive index � and extinction coefficient � and
(b) the branch number� of the seven-unit-cell-thick metamaterial slab. At low
frequencies, the phase of the �-parameters is not well defined, leading to un-
physical oscillations in the extracted metamaterial parameters. It is difficult to
judge the validity of the effective parameters even in the frequency region be-
tween 10–15 GHz.

the refractive index occurs. The extracted effective material pa-
rameters are similar to those presented in [8].

The effective refractive index of a metamaterial with a thick-
ness of three unit cells is presented in Fig. 7. This metamaterial
is thick compared to the wavelength in the negative refractive
index region. The calculations reveal that, in the double neg-
ative zone, the refractive index follows branches 0 and 1 [see
Fig. 7(a) and (b)]. The refractive index has a first discontinuity
at GHz; this correspond to the first circled region
in Fig. 7(a), and we found that this discontinuity cannot be re-
moved by extending the frequency range of the simulation. By
inspecting the possible branches around the discontinuity point,
we note that branch should be followed henceforth to
enforce the continuity of the refractive index . It should be
noted that the algorithm proposed in [7] also fails in this region.
Following the branch from the discontinuity point until
the end of the considered frequency region, the imaginary part
of the electric permittivity or the imaginary part of the mag-
netic permeability are alternatively negative. At the disconti-
nuity point, the refractive index is and the optical
wavelength can be calculated as

m. The effective thickness is m, which is
comparable to the optical wavelength . There-
fore, we interpret this discontinuity as an upper limit of the ef-
fective medium theory. The gray areas in Fig. 7(b) represents
frequency regions above this upper limit.

Fig. 8 refers to a metamaterial consisting of five layers of
unit cells. Inspecting the continuity of , we see that the lo-
cation of the first discontinuity shifts to the lower frequency

GHz. In this case, the refractive index at the discon-
tinuity is . The effective thickness of the metamaterial is
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Fig. 10. (a) Electric permittivity and (b) magnetic permeability of one-, three-,
and five-unit-cell-thick metamaterial slabs in the first resonant frequency region.
Outside of the resonant frequency region, the effective metamaterial parameters
are the same for all three cases; however, in the resonant frequency region, they
change significantly as a function of the number of layers.

m and . As in the previous
case, this discontinuity can be interpreted as the upper limit of
the effective medium theory. In addition, inspecting the trans-
mission parameter , we observe that, at low frequencies, the
magnitude is small. The small ripples in the phase of are
exponentially amplified by (3) and lead to large nonphysical os-
cillations in the values of the refractive index , noticeable in
Fig. 8(a).

Finally, in Fig. 9, an example is presented for which the re-
trieval algorithm and the effective medium theory cannot pre-
dict properly the electromagnetic material parameters. In this
case, the metamaterial design contains seven layers of unit cells.
This geometry presents challenges for the time-domain electro-
magnetic field solver because the magnitude of the transmis-
sion parameter is very small outside the resonant frequency
regions. Consequently, due to numerical errors, the phase of

is not well defined, and this leads to very strong ripples,
which will influence the retrieved effective material parame-
ters as well. The ripple greatly affects the real part of the re-
fractive index for the fundamental branch , prohibiting
the retrieval of effective material parameters at low frequencies.

Checking the continuity of in the resonant frequency re-
gion, we observe a discontinuity at GHz. However, be-
cause the oscillating behavior occurs below GHz, it is
difficult to judge the validity of the effective parameters even
in the frequency region between 10–15 GHz. The yellow (in
online version) and gray areas in Fig. 9(b) represent frequency
regions where we cannot extract effective material parameters.
The oscillations have a somewhat smaller impact on the imagi-
nary part of the refractive index. Therefore, the refractive index
predicted by the Kramers–Kronig relations is relatively smooth
and can give an acceptable indication of in the ripple re-
gion. In addition, there is a range of frequencies where a good
overlap can be found between the refractive index predicted by
the Kramers–Kronig formula and the exact values calculated
from (4).

Mesh refinements and smaller time steps of the electromag-
netic field solver do not eliminate, but reduce the numerical er-
rors in the phase of ; however, this is not practical because
of the resulting increase in the calculation time. This simula-
tion shows the general limitations of the transmission-reflec-
tion-based material parameter retrieval techniques.

In Fig. 10, the extracted effective electric permittivity and
magnetic permeability of metamaterials, which are one-, three-,
and five-unit-cell layers thick, are compared in the frequency
range of the first resonance, where the double-negative behavior
occurs. As can be observed from Fig. 10, outside of the resonant
frequency region, the effective metamaterial parameters are the
same for all three cases. Consequently, bulk material properties
can be meaningful for describing the metamaterial structures in
that frequency range. However, in the resonant frequency re-
gion, the electric permittivity and magnetic permeability are
changing significantly as a function of the number of layers.
This fact demonstrates a long-range electromagnetic coupling
between the metamaterial unit cells.

V. CONCLUSIONS

We have presented an effective metamaterial parameter re-
trieval procedure based on Kramers–Kronig relations, demon-
strating the applicability, and showing the limits of the algo-
rithm. Our code implementing the presented procedure is pub-
lished online.2

The results obtained with the Kramers–Kronig relations give
a suitable approximation for the real part of the refractive index.
When the metamaterial is thick (compared to the wavelength),
more than one branch is involved in the final result. As the op-
tical thickness becomes comparable to the wavelength, the ef-
fective medium theory cannot be applied anymore. The discon-
tinuity of the refractive index indicates that the limit of the ef-
fective medium theory has been reached.

When many layers of unit cells are present, the electro-
magnetic material properties should converge to a bulk value.
However, by comparing the retrieved effective metamaterial pa-
rameters for different thicknesses, we observe that the effective
medium theory breaks down before convergence occurs. This
is due to the fact that the geometrical feature sizes are of the
order of the wavelength in the frequency range of interest. This
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fact invites many questions about the “real material” nature of
metamaterials.
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