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ABSTRACT

Manipulating the properties of the isofrequency contours (IFCs) of materials provides a powerful means of controlling the interaction
between light and matter. Hyperbolic metamaterials (HMMs), an important class of artificial anisotropic materials with hyperbolic
IFCs, have been intensively investigated. Because of their open dispersion curves, HMMs support propagating high-k modes and possess
an enhanced photonic density of states. As a result, HMMs can be utilized to realize hyperlenses breaking the diffraction limit, metacav-
ity lasers with subwavelength scale, high-sensitivity sensors, long-range energy transfer, and so on. Aimed at those who are about to
enter this burgeoning and rapidly developing research field, this tutorial article not only introduces the basic physical properties of
HMMs but also discusses dispersion manipulation in HMMs and HMM-based structures such as hypercrystals. Both theoretical
methods and experimental platforms are detailed. Finally, some potential applications associated with hyperbolic dispersion are
introduced.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5128679

I. INTRODUCTION

Recently, hyperbolic metamaterials (HMMs),1–4 also known as
indefinite media,5,6 have attracted considerable interest. An HMM
is a special type of anisotropic metamaterial whose isofrequency
contour (IFC) takes the form of an open hyperboloid because the
principal components of its electric or magnetic tensor have
opposite signs.7–10 The unusual nature of the IFC enables HMMs
to be used for controlling electromagnetic waves in new ways. By
tuning the shape of the hyperbolic dispersion, the propagation of
light in HMMs may be flexibly controlled, producing all-angle
negative refraction,11–15 collimation,16–20 splitting,21–23 near-perfect
absorption,24–28 and abnormal scattering.29–32 In contrast to the
closed IFC of normal materials (such as air), the hyperboloid IFC
in HMMs is open and large wave-vectors can be supported.33–35

As a result, the optical density of states (DOS) in the HMM can
be greatly increased, which has important consequences for
strong enhancement of spontaneous emission (SE)36–40 and
Cherenkov emission with low energy electrons.41–44 In addition,
because evanescent waves with large wave-vectors in normal
materials can become propagating waves in this strongly aniso-
tropic medium, HMMs can be used for super-resolution imaging

that beats the diffraction limit.22,45–51 Recent work has demon-
strated that HMMs can overcome the short-range limitation of
near-field coupling and produce long-range dipole–dipole
interactions.52–55 Specifically, with the aid of HMMs for dipole–
quadrupole interactions, long-range electromagnetic induced
transparency has been theoretically proposed and experimentally
demonstrated.56

Both natural materials and artificial structures that exhibit
hyperbolic dispersion have been discovered. Owing to the excita-
tion of phonon polaritons, certain natural materials [such as
graphite, SiC, Bi2Se3, and hexagonal boron nitride (h-BN)] can
possess hyperbolic dispersion in the infrared and visible
ranges.57–69 Artificial structures with subwavelength unit cells can
also display hyperbolic dispersion.70–73 The use of effective
medium theory (EMT) has led to the construction of HMMs
in different spectral ranges, with architectures including
metal–dielectric structures,74–76 metallic nanowire structures,77–81

multilayer fishnets,82 circuit systems,18,19,22,56,83,84 and uniaxial
metasurfaces.85–88 Beyond EMT, hyperbolic dispersion can be
manipulated through the nonlocal effects of surface waves on
metasurfaces.89–93
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Very recently, composite structures containing HMMs, such
as cavities and lasers containing HMMs,94–96 hypercrystals,97,98 and
waveguides containing HMMs,99–103 have been developed utilizing
unusual properties for controlling electromagnetic waves. For
example, unlike conventional cavities, HMM-based cavities exhibit
size-independent resonance frequencies and anomalous scaling.
These properties enable the construction of subwavelength cavities.
A waveguide composed of HMMs is capable of strongly confining
the guided modes and can be used for rainbow trapping.104,105

Metasurfaces with HMMs have been utilized for asymmetric
transmission106 and high-efficiency wave-front manipulation.107

The scope of research involving HMMs has been extended to
actively controlled structures with graphene and VO2,

108–110 in
which hyperbolic dispersion and associated properties can be
actively tuned by changing an external field. Many additional inter-
esting phenomena and properties have been discovered in active
HMMs, including the enhanced nonlinear effect,111–113 enhanced
magneto-optical effect,114–117 and topological edge states.118,119

The above-mentioned properties and applications have also been
extended from photonics to acoustic120–124 and elastic waves.125–127

Although HMMs can be realized in many systems, in this
tutorial, we focus primarily on two implementations. The first
system is based on microwave circuits, in which the unusual physical
properties of HMMs can be clearly observed. The second involves
multilayered structures that produce HMMs at visible wavelengths.
Numerous optical devices, such as perfect optical absorbers and
high-sensitivity biosensors, can be designed using these types of
multilayered structures.

II. BASIC PHYSICS OF HYPERBOLIC METAMATERIALS

A. Physical properties

1. Dispersion relations of the anisotropic materials

The electromagnetic response of materials depends on their
permittivity and permeability.128–133 The relative permittivity or
permeability tensor of an anisotropic material is given by

ε̂ ¼
εxx 0 0
0 εyy 0
0 0 εzz

0
@

1
A or μ̂ ¼

μxx 0 0
0 μyy 0
0 0 μzz

0
@

1
A: (1)

For electric (magnetic) biaxial media, εxx = εyy = εzz
(μxx = μyy = μzz). However, for electric (magnetic) uniaxial
media, εxx ¼ εyy ¼ ε//, εzz ¼ ε? (μxx ¼ μyy ¼ μ//, μzz ¼ μ?), the
subscripts ? and // indicate that the components are perpendicular
and parallel to the xy plane, respectively, and the optical axis is along
the z direction. Without considering nonlocal effects and electro-
magnetic coupling, the dispersion relation of a material can be deter-
mined by substituting Eq. (1) into Maxwell’s equations,

∇�~E ¼ � @~B
@t

, (2)

∇� ~H ¼ @~D
@t

, (3)

where ~E, ~B, ~H, and ~D denote the electric field, magnetic induction,
magnetic field, and electric displacement, respectively. Assume
that the electric and magnetic fields are described by ~E ¼ ~E0ei(ωt�

~k�~r)

and ~H ¼ ~H0ei(ωt�
~k�~r), respectively, where~k is the wave-vector. Let us

now consider electric uniaxial media. Supposing that μ== ¼ μ? ¼ 1,
the wave equation for the electric field in a uniaxial medium can be
written as

kx(kxEx þ kyEy þ kzEz) ¼ (k2 � k20ε==)Ex
ky(kxEx þ kyEy þ kzEz) ¼ (k2 � k20ε==)Ey
kz(kxEx þ kyEy þ kzEz) ¼ (k2 � k20ε?)Ez

, (4)

where kx , ky , and kz denote the x, y, and z components of the wave-
vector, k0 is the wave-vector in free space, and k2 ¼ k2x þ k2y þ k2z .
Solving the system of equations in Eq. (4) allows the dispersion rela-
tion to be derived1–4

(k2x þ k2y þ k2z � ε==k
2
0)

k2x þ k2y
ε?

þ k2z
ε==

� k20

 !
¼ 0: (5)

The first term in brackets in Eq. (5) describes a transverse-
electric (TE) polarized wave in which the electric field is in the xy
plane,2 perpendicular to the optical axis (ẑ �~E ¼ 0). This TE mode
corresponds to an ordinary wave. The second term describes a
transverse-magnetic (TM) polarized wave in which the magnetic
field is in the xy plane (ẑ � ~H ¼ 0). This TM mode corresponds to
an extraordinary wave. When ε== . 0, ε? , 0, TE and TM modes
can coexist. In this case, the IFC of the TE mode takes the form of a
sphere. However, the IFC of the TM mode corresponds to a twofold
hyperboloid, where the two hyperbolic surfaces are oriented along
the optical axis, as shown in Fig. 1(a). The corresponding material is
called a dielectric-type or Type I HMM. In the second case, where
ε== , 0, ε? . 0, the TE mode is absent. For the TM mode, the IFC
has the form of a onefold hyperboloid, as shown in Fig. 1(b); this
type of electric HMM is called a metal-type or Type II HMM.

According to the duality principle of electromagnetic fields,
the corresponding dispersion relation for a magnetic medium

FIG. 1. The blue twofold hyperboloid and the green sphere in (a) denote the
IFCs of TM and TE modes for a dielectric-type HMM, respectively. The blue
onefold hyperboloid in (b) denotes the IFC of TM modes for a metal-type HMM.
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(μ==μ? , 0) with isotropic permittivity ε== ¼ ε? ¼ ε may be
written as

(k2x þ k2y þ k2z � εμ==k
2
0)

k2x þ k2y
μ?

þ k2z
μ==

� εk20

 !
¼ 0: (6)

In Eq. (6), the dispersion relations of the TM and TE polarized
waves are described by the expressions in the first and second
brackets, respectively. Comparing Eq. (5) with Eq. (6), it may be
seen that similar IFCs to those shown in Fig. 1 are also obtained
for magnetic HMMs. Both dielectric-type and metal-type HMMs
can be effectively controlled by tuning the signs of the permittivity
and permeability.

2. Enhanced spontaneous emission

For normal materials with closed IFCs (such as air), the
allowed modes are limited. However, the IFCs of HMMs take the
form of open hyperboloids. As a result, modes with large wave-
vectors can be supported, which leads to an enhancement of the
optical DOS.38,134–136 When the frequency increases from ω to
ωþ δω, the number of allowed optical modes in the wave-vector
interval δkxδkyδkz is

δN ¼ (Vδkxδkyδkz)=(2π)
3, (7)

where V denotes the volume of the material. Take an isotropic
nonmagnetic material as an example. The IFC is a closed sphere.
For the infinitely thin spherical shell between k and kþ δk,
δkxδkyδkz ¼ 4πk2δk. In this case, the number of modes is
found to be133

δN ¼ (Vε3=2ω2)=2π2c3δω, (8)

where ε is the permittivity and c is the velocity of light in vacuum.
From Eq. (8), we see that the optical DOS in a material with a
spherical IFC has a finite value because the closed IFC is integrable.
Similarly, the optical DOS in a material with a closed elliptical IFC
also takes a finite value. However, for an open IFC, the volume
integral of the shell from k to kþ δk diverges and the optical DOS
is infinite, δN(k) ! 1. Figure 2 shows examples of closed and
open IFCs. Comparing Fig. 2(a) with Fig. 2(b), it is apparent that
the HMM, with an open IFC, has a diverging shell volume in the
lossless limit, which implies that the HMM can support an infinite
optical DOS. Therefore, materials with open IFCs provide powerful
means for controlling the interaction between light and matter, as
we will show later.

Spontaneous emission (SE), a typical quantum optical
phenomenon, plays an important role in light-emitting devices.
The emission rate can be expressed as136–138

ΓT ¼ 1
τ
¼ 2π

�h
fh j~d �~Ejii

��� ���2ρ(�hω), (9)

where τ is the lifetime of the SE, which depends directly on the
optical DOS ρ(�hω).139 fh j~d �~Ejii is the transition matrix element.
The enhancement of SE can be represented by the Purcell factor

Fp ¼ ΓT=Γ0, where Γ0 is the spontaneous emission rate in
vacuum.140 From Eq. (9), it is evident that Fp depends strongly on
the optical DOS of the surrounding medium. The optical DOS
ρ(�hω) is equal to

P
k
�hδ(ωk � ω), which can effectively be tuned by

changing the shell volume enclosed by the corresponding IFC.1

Therefore, along with the topological transition of dispersion from
a closed IFC to an open IFC, the SE in a medium will be signifi-
cantly enhanced because the optical DOS will gradually diverge.

In 2011, the Purcell factor of an electric dipole with a finite
volume, such as a quantum dot, in an HMM was studied theoreti-
cally.141 The radiative lifetime is

1
τα

¼ � 8πd2q20
�h

ð
d3k

(2π)3
ImGk,ααΦ

2
k, α ¼ x, y, or z, (10)

where q0 ¼ ω=c is the wave-vector in vacuum and d is the effective
matrix element of the dipole moment. Φk denotes the distribution
of the emitter polarization and Gk is the Green’s function in k
space. The lifetimes τx ¼ τy and τz describe the decay of the source
when it is initially polarized in the x � y plane and along the z
axis, respectively.141 The larger the Purcell factor, the faster the
electrons relax from higher states to lower ones. In consequence,
the intensity of the radiated light decays faster and the radiative
lifetime is shorter. Reducing the radiation lifetime is of great signifi-
cance for improving fluorescence efficiency.142–145 The permittivity
and permeability of the HMM are assumed to be141

ε?(ω) ¼ ε0? þ Γ0

ω0 � ω� iΓ
, ε== ¼ 1, μ ¼ 1: (11)

The dependence of ε? on the normalized frequency (ω0�ω)=Γ0

is shown in Fig. 3(a). The red, orange, yellow, green, cyan, and blue
lines correspond to Γ=Γ0 ¼ 0:01, 0:015, 0:02, 0:03, 0:05, and 0.1,
respectively. The real and imaginary parts of ε? are marked by solid
and dashed lines. The sign of ε? depends on the sign of the normal-
ized frequency. When ε? and ε// have the same sign, the IFC
of the system corresponds to elliptical dispersion; opposite signs
produce hyperbolic dispersion. The Purcell factors as a function of

FIG. 2. The variation of IFCs for (a) a closed ellipsoid and (b) an open hyper-
boloid when the frequency increases from ω to ωþ δω.
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(ω0 � ω)=Γ0 and Γ=Γ0 are shown in Figs. 3(b) and 3(c) for dipoles
oriented along z and x, indicated by the cyan arrow and the pink
arrow, respectively. The figures demonstrate that the Purcell factor is
greatly enhanced in the hyperbolic region but not in the elliptical
region. In order to show this feature more clearly, the dependence of
the Purcell factor on the normalized frequency is plotted for a fixed
value of Γ=Γ0 ¼ 0:03 in the insets of Figs. 3(b) and 3(c).

The increase in spontaneous emission rates of emitters has
been observed.38 In this experiment, CdSe/ZnS colloidal quantum
dots were placed in the near field of an HMM formed of a multi-
layered structure of silver and titanium dioxide (TiO2) thin films,
as illustrated in Fig. 3(d). Owing to the dispersion of the silver, the
effective parameters are frequency dependent. Figure 3(e) shows
that as the wavelength increases, the multilayered structure under-
goes a topological transition from a closed IFC to an open IFC.38

This transition causes a significant decrease in the spontaneous
emission lifetime of the quantum dots, as depicted in Fig. 3(f ). The
decrease in lifetime is caused by the increased optical DOS that
results from the topological transition of the IFC from a closed
ellipsoid to an open hyperboloid.38

The radiation patterns produced by point sources in materials
can visually represent the IFC of those materials. The theory of
Green’s functions may be used to obtain the dipole emission in a
material.146 The theoretical emission patterns of HMMs were calcu-
lated in Ref. 147. The two dimensional (2D) IFC, in which only the
relationship between kx and kz need to be studied, was used to
analyze the light emission. The 2D IFC of an isotropic material
(ε ¼ 1, μ ¼ 1) is shown in Fig. 4(a), with the group velocity
(density of energy flow) marked by green arrows. Figure 4(e)
presents the calculated radiation pattern for a dipole source placed
in the material. Assuming that μy ¼ 1, the 2D IFCs for three differ-
ent anisotropic materials with elliptical (ε ¼ 1, μx ¼ 1, μz ¼ 2),
hyperbolic (ε ¼ 1, μx ¼ �2, μz ¼ 1), and linear-crossing (ε ! 0,
μx ¼ �2, μz ¼ 1) dispersions are shown in Figs. 4(b)–4(d), respec-
tively. Comparing Fig. 4(d) with Fig. 4(c), it can be seen that a
topological transition of the IFC will happen once ε . 0, μxμz , 0.
Moreover, the IFC takes the form of two crossing straight lines
when the parameters become ε ! 0, μxμz , 0.22 The calculated
emission patterns for the same parameters, given in Figs. 4(e)–4(h),
coincide well with the corresponding IFCs in Figs. 4(a)–4(d).

FIG. 3. (a) Perpendicular component of permittivity as a function of the normalized frequency. The solid and dashed lines correspond to the real and imaginary parts,
respectively. (b) The Purcell factor as a function of (ω0 � ω)=Γ0 and Γ=Γ0 when a dipole source directed along z is placed into the material. (c) Similar to (b), but with
the dipole source oriented along the x direction. Reproduced with permission from Poddubny et al., Phys. Rev. A 84, 023807 (2011). Copyright 2011 American Physical
Society. (d) Schematic of quantum dots on the surface of a multilayered HMM structure. (e) Effective perpendicular and parallel components of permittivity for the multilay-
ered structure. Across 400 nm wavelength, the IFC changes from a closed ellipsoid to an open hyperboloid. (f ) The measured radiative lifetime of the quantum dots on the
surface of the multilayered structure. Reproduced with permission from Krishnamoorthy et al., Science 336, 205 (2012). Copyright 2012 American Association for the
Advancement of Science.
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For example, in the case of elliptical dispersion [Fig. 4(b)], light can
propagate in all in-plane directions [Fig. 4(f)]. However, in the
case with open hyperbolic dispersion [Fig. 4(c)], light can only
propagate within a certain range of angles [Fig. 4(g)], and the field
perpendicular to the hyperbolic asymptotes is much stronger than
elsewhere because of the larger optical DOS. The effect is particu-
larly pronounced in the case of linear-crossing dispersion, where
the light is collimated and only propagates in two directions.22

Therefore, it can be seen that the light emission patterns can be
effectively controlled by the IFCs of the materials. In experiments,
emission patterns can be measured when a point source is placed
inside the structures.19,83,84,148,149 The calculated field distributions
as shown in Figs. 4(e)–4(h) can be used to determine the IFC of
materials by using the Fourier transform.150,151

3. Abnormal refraction, reflection, and scattering

Metamaterials, artificial materials composed of subwavelength
unit cells, provide a powerful platform for manipulating the propa-
gation of light.128–133 The existence of counterintuitive negative
refraction and superlensing beyond the diffraction limit was
initially confirmed in left-handed metamaterials.128,129 Numerous
other intriguing optical phenomena have been discovered, such as
cloaking using transform optics,130 optical tunneling,152 and light
trapping.153–155 In recent years, the unprecedented ability of

HMMs to tune electromagnetic waves has allowed the implementa-
tion of unusual effects, including negative refraction,11–15 near-
perfect absorption,24–28 abnormal scattering,29–32 and directional
propagation.22 Unlike left-handed metamaterials and metamaterials
with complex electromagnetic distributions, HMMs are very easy
to produce so long as the principal components of the electromag-
netic parameters have opposite signs.1–4 Either positive or negative
refraction of light can exist in HMMs, and the IFCs of materials
can be used to analyze their abnormal optical properties. To illus-
trate this point clearly, four types of magnetic HMMs are shown in
Fig. 5. All four have the normal dispersion characteristics
ε(ωþ δω) . ε(ω), μ(ωþ δω) . μ(ω), where δω denotes an infini-
tesimal increase in frequency, meaning that the permittivity and
permeability will increase as the frequency increases. The IFCs of
the four HMMs are shown in blue in Figs. 5(a)–5(d), where the
solid and dashed lines correspond to the values at the frequencies
ω and ωþ δω, respectively. For comparison, the IFCs of air are
also shown in red. The light is incident from air (the lower part) to
the HMM (the upper part) at an oblique angle of 20°, marked by
the red arrow denoting the wave-vector k1. Using the law of conser-
vation of tangential wave-vectors and the law of causality, the wave-
vector k2 and the Poynting vector S in the HMM can be deter-
mined as shown in the figures. We assume that εx ¼ εz ¼ 1,
μy ¼ 1. The first case (HMM1: εy . 0, μx . 0, μz , 0) belongs to
the dielectric type of HMMs, in which negative refraction will

FIG. 4. IFCs (upper row) and the corresponding in-plane magnetic field jHj distributions (lower row) for various types of materials. The green arrows in the upper row
denote group velocity. (a) μx ¼ μz , corresponding to an isotropic material. (b)–(d) μx = μz , corresponding to elliptical, hyperbolic, and linear-crossing anisotropic materi-
als, respectively.
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occur. However, unlike the negative refraction of left-handed mate-
rials,127,156 the directions of the wave-vector and the energy flow in
HMMs form a certain angle rather being completely antiparallel, as
shown in Fig. 5(e). The second case (HMM2: εy , 0, μx , 0,
μz . 0) is also a dielectric-type HMM. This time, however, the
dashed line is outside the solid line in Fig. 5(b), which means that
the IFC expands with the increase in frequency. Therefore, the light
incident on this HMM will undergo positive refraction, as seen in
Fig. 5(f ). HMM3 (εy . 0, μx , 0, μz . 0) and HMM4 (εy , 0,
μx . 0, μz , 0) are metal-type HMMs. Positive and negative
refraction, respectively, can occur in HMM3 and HMM4 only
when the tangential wave-vector in air is greater than a critical
value. If the incident angle is less than the critical angle, the
incident wave will be totally reflected. In particular, in Figs. 5(g)
and 5(h), the Goos–Hänchen (GH) shift associated with total
reflection is positive in HMM3 and negative in HMM4. Refractive
index sensing has recently been demonstrated by exploiting the
singular phase of light associated with the enhanced GH shift in
HMMs.157–160

In addition to anomalous refraction and reflection, HMMs
can manipulate the scattering behavior of electromagnetic waves in
novel ways.30–32 For example, anomalously weak scattering can be
achieved in HMMs based on Au–Si multilayers.30 Scattering of the
field depends on εE=εB � 1, where εE denotes the permittivity of
the HMM in the direction of the electric field and εB is the permit-
tivity of the surrounding medium. If the value of εE is close to
that of εB, the scattering becomes very weak.30 On the other
hand, superscattering, induced by overlapping multiple discrete
resonances of subwavelength objects, breaks the fundamental single-
channel limit of the scattering cross section.161 The hyperbolic

dispersion of phonon polaritons within the two Reststrahlen bands
of boron nitride allows overlapped multimode resonances to be real-
ized in two frequency bands, leading to multifrequency superscatter-
ing.31 What is more, in lossy HMMs, the scattering caused by
radiative decay channels and the absorption caused by nonradiative
decay channels can be effectively controlled.28,142

B. Realization ways of HMMs

1. Effective medium theory

Within an effective medium theory, the periodic arrangement
of artificial structures with subwavelength unit-cell size can be
regarded as an effective homogeneous medium, characterized by
homogeneous macroscopic permittivity and permeability.5,6,162 By
designing suitable artificial structures such as metal/dielectric mul-
tilayers [Fig. 6(a)], metal nanowire arrays [Fig. 6(b)], multilayer
fishnets [Fig. 6(c)], or microwave circuit systems loaded with
lumped elements [Figs. 6(d) and 6(e)], HMMs can be conveniently
engineered.1–4 Generally, the Maxwell–Garnett approximation of
EMT is valid when the wavelength of the incident wave is much
larger than the unit-cell size. EMT is a quasistatic approximation
and hence may be invalid when nonlocal optical effects exist in the
system.163–168 For example, the validity of the approximation may
be affected when surface plasmon polaritons (SPPs) are excited on
the surface of a metal layer.163,165 Nevertheless, in layered metal–
dielectric HMMs, the extraordinary wave is formed by the coupling
of the individual surface plasmons at each metal–dielectric inter-
face. If the wavelength of the incident wave is much larger than the
periodic length of the metal–dielectric multilayer, EMT still works
well even though SPPs are excited.169

FIG. 5. IFCs (upper row) and the corresponding electric field Ey distributions (lower row) for four different examples of HMMs. The red and blue arrows in the upper row
denote the wave-vectors in air and the HMM, respectively. The green arrows in the upper row denote the group velocity in the HMM. In (e)–(h), the light is incident from air
onto the HMM, and the yellow arrow denotes the group velocity in the HMM.
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In the visible range, both metal/dielectric multilayers and
metal nanowire arrays may be used to create electric HMMs with
anisotropic permittivity, according to EMT. Specifically, the
effective parameters of the metal/dielectric multilayer structure in
Fig. 6(a) can be expressed by74

ε== ¼ pεm þ (1� p)εd , ε? ¼ εmεd
pεd þ (1� p)εm

, (12)

where p ¼ tm=(tm þ td) is the filling ratio of the metal layer. εm
(εd) is the permittivity and tm (td) is the thickness of the metal
(dielectric) layer. Once the parameters are tuned to satisfy the
condition ε==ε? , 0, the metal/dielectric multilayer structure can
be considered as an electric HMM. Metal nanowire arrays, as in
Fig. 6(b), can also be used to construct electric HMMs, with
effective permittivity given by170

ε== ¼ [(1þ p)εm þ (1� p)εd]εd
(1� p)εm þ (1þ p)εd

, ε? ¼ pεm þ (1� p)εd , (13)

where the filling ratio of the metal wires in the array is p ¼ A=A0.
A and A0 are the cross-sectional areas of the metal wires and the
host material, respectively. Again, the signs of effective ε// and ε?
can be tuned by changing the structural parameters.51

In addition to electric HMMs, magnetic HMMs with anisotropic
permeability have recently attracted considerable attention.7–10,22,56

For the multilayer fishnet metamaterial composed of metal and

dielectric layers shown in Fig. 6(c), both the permittivity and the per-
meability can be tuned by changing the structural parameters or
choosing a different wavelength.7 In Ref. 7, the real part of ε// (ε?)
is positive (negative) at 1310 nm. In this case, the condition that
ε==ε? , 0 is satisfied and the multilayer fishnet corresponds to
an electric HMM. However, at a wavelength of 1530 nm, the condi-
tion μ==μ? , 0 is satisfied and a magnetic HMM is realized.7

Alternatively, magnetic HMMs can be easily produced using circuit-
based metamaterials in the microwave regime.22,56 In the circuit
system, the longitudinal components of the electric and magnetic
fields are much smaller than the transverse components. Therefore,
the resulting mode is called a quasitransverse electromagnetic (TEM)
wave.171,172 In the circuit-based system, the relationship between the
electric and magnetic fields can be easily mapped using the relation-
ship between voltage and current in the circuit.171,172 As a result, the
electromagnetic response is equivalent to the circuit parameters. In
Fig. 6(d), the impedance and admittance of the circuit are represented
by Z and Y, respectively. The direction of the magnetic field produced
by the current can be determined from Ampere’s law, as shown in
Fig. 6(d). By mapping the circuit equation (telegraph equation) to
Maxwell’s equations, the relationship between circuit and electromag-
netic parameters can be described by

Z ¼ iωμ, Y ¼ iωε: (14)

For a circuit without lumped elements, Z ¼ iωLR and
Y ¼ iωCR. When the microwave circuit is loaded with series

FIG. 6. Schematics of (a) metal/dielectric multilayer HMM, (b) metal nanowire HMM, and (c) multilayer fishnet HMM in the frequency range from THz to UV. Reproduced
with permission from Poddubny et al., Nat. Photon. 7, 948 (2013). Copyright 2013 Springer Nature. (d) and (e) Circuit-based HMM in the microwave regime.
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lumped capacitors CL and shunted lumped inductors LL,

Z ¼ iωLR þ 1
iωCL

, Y ¼ iωCR þ 1
iωLL

: (15)

The effective electromagnetic parameters of the circuit with
lumped elements then become

μ ¼ iωLR � 1
ω2CL

, ε ¼ CR � 1
ω2LL

: (16)

From Eq. (16), it can be seen that the effective permittivity
and permeability of the circuit system can be tuned using the
lumped elements in the circuit. Figure 6(e) shows a simple effective
circuit model for a circuit-based HMM. In this circuit model,
capacitors are loaded in the x direction to realize anisotropic
permeability, with μx ¼ LR=gε0. In the long-wavelength limit, if the
loss is not considered, the effective permittivity and permeability of
2D circuits can be written as22

ε ¼ (2CRg � g=ω2LLd)=ε0,

μy ¼ (LR=g � 1=ω2CLd)=ε0,
(17)

where g is the structure factor, which can be tuned through the
thickness of the dielectric layer and the width of the metal strip,
and d is the length of a unit cell. Equation (17) shows that μy and ε
can be adjusted independently by changing LL and CL. By tuning
the sign of μy from positive to negative, a topological transition of
the IFC from closed elliptical to open hyperbolic dispersion can be
generated.

2. Hyperbolic metasurfaces

Flatland optics with hyperbolic metasurfaces (HMSs), in
which the hyperbolic dispersion can be manipulated with in-plane
SPPs, is a hot research topic at present.87,173,174 By choosing differ-
ent frequencies for the surface wave, elliptical or hyperbolic IFCs
can be obtained. A variety of HMSs have been proposed, which
work over frequencies ranging from visible light to the microwave
regime.173–179 One important HMS architecture is the metal nano-
grating array, which can effectively manipulate SPPs in the near-
field region as well as exhibiting hyperbolic dispersion.14,175 A
schematic of the metal/air grating is shown in Fig. 7(a). The corre-
sponding IFCs at different frequencies are given in Fig. 7(b). Based
on the IFCs, the positive refraction, collimation, and negative
refraction for red, green, and blue light can be determined.14

Moreover, by using the physical mechanism of spin–orbit coupling
of evanescent waves,180–184 the photonic spin Hall effect (in which
photons with different circular polarizations travel in different
directions) has been experimentally observed.14 In addition to the
metal nanograting array, HMSs can be created using an anisotropic
conductivity layer, as shown in Fig. 7(d), in which a conductive
layer is sandwiched between two media with permittivities ε1 and
ε2, respectively.

89 The dispersive conductivity in different directions
in the plane yoz is shown in Fig. 7(e). By changing the frequency,
the imaginary parts of σ// and σ? can be effectively tuned. The
cases Im (σ?) . 0, Im (σ==) . 0 and Im (σ?) , 0, Im (σ==) , 0

correspond to inductive (behaving as a metal sheet) and capacitive
(behaving as a dielectric sheet) metasurfaces, respectively.89 When
both Im (σ?) and Im (σ==) are negative, the IFCs of the surface
plasmon are ellipses and the excited plasmon can propagate in all
directions in the yoz plane. However, when one of Im (σ?) and
Im (σ==) is positive, the IFCs of the surface plasmon are hyperbolas.
Moreover, two types of hyperbolic dispersion with different princi-
pal axes can be realized depending on whether Im (σ?) . 0,
Im (σ==) , 0 or Im (σ?) , 0, Im (σ==) . 0. As a result, the emis-
sion patterns of a dipole embedded in this HMS can be controlled,
as shown in Fig. 7(f ). In addition, an HMS based on the conductiv-
ity tensor that utilizes an array of graphene strips has been
proposed.86–88 In this actively controlled structure, a topological
transition of the IFC from a closed ellipse to an open hyperbola
can be achieved by adjusting the chemical potential of graphene
(manipulation of dispersion using an external field will be intro-
duced in detail in Sec. III A 3).

In the microwave regime, a magnetic HMS can be realized by
manipulating the magnetic SPPs at the subwavelength scale.10 In
this type of HMS, arrays of coiling copper wires are fabricated on a
dielectric substrate. As shown in Fig. 7(g), the double split ring res-
onator is the basic unit cell. By calculating the engine modes of the
structure, the 3D dispersion relationship can be obtained and the
IFCs at a fixed frequency can be determined. Looking at Fig. 7(h),
as the frequency increases, a topological transition of the IFC will
occur. In the microwave regime, the size and shape of the
meta-atoms may be flexibly chosen in the fabrication process, and
the electric and magnetic fields can be sensitively measured.10

Using the near-field detection technology and Fourier transforms,
the hyperbolic IFC of the HMS can be clearly observed in Fig. 7(f ).

3. Natural hyperbolic media

The greatest advantage of artificial HMMs is that their struc-
tural parameters may be easily and flexibly controlled. However, in
the high-frequency regime, the complex nanofabrication process
means that artificial HMMs would have the limitations coming
from the structural tolerances and the finite-size effect. Natural
hyperbolic materials, such as graphite, SiC, Bi2Se3, MgB2, and
hexagonal boron nitride (h-BN), are an attractive alternative.67,69

Many natural hyperbolic materials belong to the class of van der
Waals (vdW) crystals (consisting of individual atomic planes
bonded by weak vdW forces), and the polaritons in natural hyper-
bolic materials produce unprecedented control over light-matter
interactions.185,186 As a representative low-loss vdW material, h-BN
supports both Type I and Type II hyperbolic phonon polaritons in
two separated Reststrahlen bands in the midinfrared range.65,187

The highly confined phonon polaritons in h-BN have properties
analogous to SPPs. However, their ultrashort wavelengths and low
loss compared with metal-based SPPs and graphene plasmons
make them an excellent candidate for nanophotonics. The aniso-
tropic permittivity of h-BN is shown in Fig. 8(a). When the signs
of the out-of-plane relative permittivity (ε?) and the in-plane
relative permittivity (ε==) are opposite, the polaritons possess an
in-plane hyperbolic dispersion, with the IFCs being open
hyberboloids. In the lower Reststrahlen band (760–825 cm−1),
ε? , 0, ε== . 0, and the phonon polaritons possess Type I

Journal of
Applied Physics TUTORIAL scitation.org/journal/jap

J. Appl. Phys. 127, 071101 (2020); doi: 10.1063/1.5128679 127, 071101-8

Published under license by AIP Publishing.

https://aip.scitation.org/journal/jap


hyperbolic dispersion. However, in the upper Reststrahlen band
(1360–1610 cm−1), ε? . 0, ε== , 0, and the phonon polaritons
have Type II hyperbolic dispersion.187 Special attention has been
paid to the long lifetime and ultraslow propagating velocity of
phonon polaritons as well as the subdiffraction imaging in
h-BN.58,188–190 The dispersion relation for the polariton modes in
h-BN may be visualized using a false-color plot of the imaginary
part of the reflectivity Im rp(ω� q), where q denotes the momen-
tum, as shown in Fig. 8(b) for the hyperbolic photon-polariton

modes in h-BN. A finite-thickness slab of h-BN can act as a multi-
mode waveguide for the propagation of hyperbolic phonon polari-
tons. Due to the negative dispersion in the lower Reststrahlen band,
the phonon polaritons in a layered h-BN slab can produce negative
refraction.58 The IFC of the hyperbolic phonon polaritons can be
controlled by changing the frequency, and the propagation angle
within the two spectral bands varies.

Subwavelength imaging in two separate spectral regions may
also be achieved with h-BN. The imaging system is composed of an

FIG. 7. HMS architectures. Metal/air grating: (a) schematic, (b) IFCs at different wavelengths, and (c) the photonic spin Hall effect. Reproduced with permission from High
et al., Nature 522, 192 (2015). Copyright 2015 Springer Nature. Anisotropic conducting layer: (d) schematic, (e) the imaginary parts of the anisotropic conductivity, and (f )
the electric field distributions at different frequencies. Reproduced with permission from Yermakov et al., Phys. Rev. B 91, 235423 (2015). Copyright 2015 American
Physical Society. An array composed of split ring resonators: (g) schematic, (h) the 3D dispersion relationship and the 2D IFC, and (i) experimentally measured IFC.
Reproduced with permission from Yang et al., Adv. Sci. 5, 1801495 (2018). Copyright 2018 Author(s), licensed under a Creative Commons
Attribution-NonCommercial-NoDerivatives 4.0 International License.
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Si substrate, an Au disk, and an h-BN layer, as shown in Fig. 8(c).
The polaritons are launched at the Au disk edges and propagate
toward the h-BN layer. The electrical distribution of hyperbolic
phonon polaritons at different frequencies is shown in Fig. 8(c).
The propagation angle of the hyperbolic polaritons clearly depends
on the frequency; the relationship tan θ(ω) ¼ [D(ω)� d]=2h can
be quantitatively inferred from the reconstructed outline D(ω),188

where h and d denote the thickness of h-BN layer and the width
of gold stripe, respectively. The hyperbolic metasurface based on
nanostructured vdW materials can be achieved by patterning a
gating structure, where the h-BN ribbons are separated by air
gaps.191 In addition, anomalous internal reflection in a nanocone
array composed of h-BN has been experimentally observed.192

More broadly, the design idea of patterning new structures with
h-BN can be extended to other vdW materials (such as MoS2 or
Bi2Se3) to manipulate hyperbolic phonon polaritons.

Although the two separated bands can realize hyperbolic
phonon polaritons, the electrodynamic properties of h-BN are
limited by the intrinsic crystal lattice. To overcome this limitation,
heterostructures composed of graphene and h-BN have been pro-
posed, which may allow the SPPs (coherent oscillations of the

electron density) in graphene193 and the hyperbolic phonon polari-
tons (atomic vibrations) in thin h-BN to be combined.62,109,194–196

A schematic of a graphene/h-BN heterostructure is presented in
Fig. 8(d). In this structure, the hybridized plasmon–phonon modes
can effectively modulate the dispersion relations of the SPPs
and phonon polaritons.109,197 To explore the polaritonic response
of the graphene/h-BN heterostructure, polariton interferometry
(scattering-type scanning near-field optical microscopy) was per-
formed in the experiment. The hyperbolic plasmon–phonon polari-
ton possesses the combined virtues of graphene and h-BN, with a
propagation length of 1.5–2.0 times greater than that of a hyper-
bolic phonon polariton in h-BN.109 Figure 8(e) shows the disper-
sion relation of the graphene/h-BN heterostructure in Fig. 8(d).
Comparing Fig. 8(e) with Fig. 8(b), we can see that the new collec-
tive modes, hyperbolic plasmon–phonon polaritons, can be con-
trolled via the hybridization of SPPs and phonon polaritons.
Importantly, the sign of the group velocity of the new hybrid
modes also can be modulated using the strong mode coupling.62

Figure 8(e) shows that the group velocity of the graphene plasmon
polaritons is positive while that of the h-BN phonon polaritons is
negative in the first Reststrahlen band of the h-BN. At a working

FIG. 8. Hyperbolic configurations of h-BN and graphene/h-BN. (a) Real parts of the permittivity tensor of h-BN. The two shaded regions are the Reststrahlen bands where
ε?ε== , 0. Reproduced with permission from Caldwell et al., Nat. Commun. 5, 5221 (2014). Copyright 2014 Springer Nature. (b) Dispersion relations for the hyperbolic
phonon polaritons in the h-BN layer with a thickness of 58 nm. (d) Schematic of a scattering-type scanning near-field optical microscope in a graphene/h-BN heterostruc-
ture, where the probe tip can be excited by a laser source. The scattered plasmons also are collected by the tip. (e) Dispersion relation for the phonon polaritons in a gra-
phene/h-BN heterostructure. Reproduced with permission from Dai et al., Nat. Nanotech. 10, 682 (2015). Copyright 2015 Springer Nature. (c) Electric field distribution in
h-BN. The directional angles of the hyperbolic polaritons can be tuned by choosing various frequencies. Reproduced with permission from Li et al., Nat. Commun. 6, 7507
(2015). Copyright 2015 Author(s), licensed under a Creative Commons Attribution-NonCommercial-NoDerivatives 4.0 International License. (f ) Dispersion relation of the
graphene/h-BN heterostructure with strong coupling between the plasmon and phonon polaritons. (g) Imaging of a point source in the graphene/h-BN heterostructure
based on all-angle negative refraction. In the electric field distribution, the positions of the source and image are marked. Reproduced with permission from Lin et al., Proc.
Natl. Acad. Sci. U.S.A. 114, 6717 (2017). Copyright 2017 National Academy of Sciences.
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frequency of 22.96 THz, which corresponds to the blue point in
Fig. 8(f), the wave-vectors of both types of polaritons are equal.
Figure 8(g) presents the imaging of a point source in the graphene/
h-BN heterostructure. Plasmons in graphene are excited by a dipole
source in the left region (marked by the black arrow), and then
couple to the polaritons in h-BN. As the group velocity in the
h-BN is negative, an image of the source will occur in the right
region due to the all-angle negative refraction at the interface
(marked by the yellow dashed line). The existence of highly con-
fined low-loss plasmons in graphene/h-BN heterostructures has
been experimentally confirmed.195

Very recently, α-MoO3 has been added to the growing list of
vdW materials exhibiting polaritons.63,198,199 In the midinfrared
regime, thin flake α-MoO3 can support hyperbolic phonon polari-
tons in different Reststrahlen bands. The α-MoO3 lattice is com-
posed of octahedron unit cells with nonequivalent Mo–O bonds
along the three principal crystalline axes, as shown in Fig. 9(a).198

The inset in Fig. 9(b) shows the unit cell of α-MoO3, in which
three different oxygen sites are indicated by O1–O3. In the midin-
frared region, the optical response of α-MoO3 is dominated by
phonon absorption rather than electronic transitions, and the
permittivity can be described by the Lorentz equation.199 The per-
mittivity tensor of this low-symmetry crystal can be written as
diag[εx , εy , εz] with εx = εy = εz , where at least one of the com-
ponents is negative, as presented in Fig. 9(b). Three Reststrahlen
bands are marked by pink, yellow, and blue shading. The signs of
εi (i ¼ x, y, z) can be tuned by choosing different frequencies. The
dispersion relation of α-MoO3 can be calculated using the general
Fresnel equation. From the special permittivity tensor, α-MoO3 is
expected to be a type of biaxial hyperbolic crystal. In the k-space of
α-MoO3, four conical singularities are connected, as illustrated in
Fig. 9(c). In band 1 and band 2, one of the in-plane permittivity
components εi(i ¼ x, y) is negative while the out-of-plane permit-
tivity εz is positive, which induces in-plane hyperbolic dispersion

FIG. 9. The hyperbolic configuration of α-MoO3. (a)
Schematic of the α-MoO3 crystal. Reproduced with per-
mission from Zheng et al., Adv. Mat. 30, 1705318 (2018).
Copyright 2018 Wiley-VCH. (b) The real part of the per-
mittivity tensor of α-MoO3. Three Reststrahlen bands are
shaded in pink, yellow, and blue. The inset shows the unit
cell of α-MoO3, with three different oxygen sites indicated
by O1–O3. (c) 3D IFCs that have biaxial hyperbolic dis-
persion in α-MoO3. Reproduced with permission from
Zheng et al., Sci. Adv. 5, eaav8690 (2019). Copyright
2019 Author(s), licensed under a Creative Commons
Attribution-NonCommercial-NoDerivatives 4.0 International
License. (d) Schematic of the scattering-type scanning
near-field optical microscope with an α-MoO3 flake. (e)
Hyperbolic in-plane dispersion from the Fourier transform
of the near-field images at the frequency of 893 cm−1.
The corresponding calculated IFC is shown by the white
solid line. Reproduced with permission from Ma et al.,
Nature 562, 557 (2018). Copyright 2018 Springer Nature.

Journal of
Applied Physics TUTORIAL scitation.org/journal/jap

J. Appl. Phys. 127, 071101 (2020); doi: 10.1063/1.5128679 127, 071101-11

Published under license by AIP Publishing.

https://aip.scitation.org/journal/jap


and out-of-plane elliptical dispersion. By exchanging the signs of
εx and εy , the direction of the principal axis of the hyperbolic
dispersion can be changed. The hyperbolic phonon polaritons are
similar to those in uniaxial crystals such as h-BN. However, in
band 3, both in-plane permittivities εi(i ¼ x, y) are positive and
the out-of-plane permittivity εz is negative. In this case, both
in-plane elliptical dispersion and out-of-plane hyperbolic disper-
sion occur. Therefore, α-MoO3 provides a means of simultaneously
controlling hyperbolic phonon polaritons in the vertical and
in-plane directions. Ultra-low-loss polaritons in α-MoO3 have been
experimentally measured63,198 with scattering-type scanning near-
field optical microscopy, as shown in Fig. 9(d). The amplitude
lifetime for in-plane elliptic phonon polaritons was found to be
τx ¼ 8+ 1 ps, which is more than ten times longer than that of
graphene plasmon polaritons at room temperature.63,195 The
amplitude lifetime for in-plane hyperbolic phonon polaritons was
τx ¼ 1:9+ 0:3 ps. In the experiment, metalized, cantilevered atomic
force microscope tips were used as scattering near-field probes and
the infrared nanoimaging was measured by a scattering-type
scanning near-field optical microscope.63 The hyperbolic in-plane
dispersion in Fig. 9(e) was obtained from the Fourier transform of
the near-field amplitude image measured by the probe.63

III. TOPOLOGICAL TRANSITION OF DISPERSION

A. Dispersion transition from closed ellipsoids to open
hyperboloids

1. Topological transition based on the
frequency-dependent dispersion

Manipulating the topological properties of IFCs can provide
unique control over the interaction between light and matter, such
as negative refraction and increased rates of spontaneous emission.
The simplest topological transition of an IFC from elliptical disper-
sion to hyperbolic dispersion is produced by varying the frequency
in order to cause a change of the sign of the real part of the permit-
tivity or permeability in a dispersive metamaterial. To date, most
hyperbolic dispersion has been implemented by this means, in
experiments including metal/dielectric multilayers, metal nanowire
arrays, circuit systems, and even natural hyperbolic materials.

In metal/dielectric multilayers and metal nanowire arrays, the
permittivity of the metal can be described by a Drude model,

ε(ω) ¼ ε1 � ω2
o=(ω

2 þ iωγ), (18)

where ε1 is the high-frequency permittivity and ω0 and γ denote
the plasma frequency and damping frequency, respectively. At low
frequency, ε(ω) is negative with a large absolute value. As the fre-
quency increases, ε(ω) gradually tends to zero and then becomes
positive. According to Eqs. (12) and (13), this allows the signs of
the effective anisotropic permittivities to be tuned and the electrical
topological transition of the IFC to be realized. For a circuit system
with lumped elements as shown in Fig. 6(d), both the permittivity
and the permeability are frequency dependent171,172

ε(ω)¼ εa�α=ω2, μ?(ω)¼ μb�βx=ω
2, μ==(ω)¼ μb�βy=ω

2,

(19)

where εa, μb, α, and βj(j ¼ x or y) are constants. Clearly, the signs
of ε(ω), μ?(ω), and μ==(ω) depend on the frequency. Hence, a mag-
netic topological transition of the IFC can be produced by tuning
the frequency.

A topological transition also can be realized in natural materi-
als, using the dispersion of the material. Take the vdW materials as
an example. The principal components of the permittivity tensor of
α-MoO3 can be described by the following Lorentz equation:199,200

εi(ω) ¼ εi1 1þ ωi
LO

2 � ωi
TO

2

ωi
TO

2 � ω2 � iωΓi

 !
, (20)

where εi1 is the high-frequency permittivity; ωi
LO

and ωi
TO

denote
the longitudinal and transversal optical phonon frequencies, respec-
tively; and Γi is the damping factor. Equation (20) demonstrates
that the signs of the three principal components of the permittivity
tensor can be tuned by changing the frequency. As a result, a topo-
logical transition of the IFC can be implemented. Changing the fre-
quency is, therefore, a typical means of achieving the topological
transition from ellipse to hyperbola in many hyperbolic systems.

2. Loss-induced topological transition

Intrinsic loss has long been thought to be a deteriorative factor
in wave propagation. For example, in a laser system, losses must be
overcome by sufficient gain to reach the lasing threshold.
Counterintuitively, loss-induced suppression and revival of lasing
have been proposed in a non-Hermitian system with an exceptional
point.201 Loss-induced transparency202 indicates that intrinsic loss
could in fact be a beneficial parameter, revealing the need to reexam-
ine the role of loss in electromagnetic wave manipulation. Usually,
topological transitions are produced by changing the frequency.
Could the topological transition instead be realized at a fixed fre-
quency by tuning another parameter? Interestingly, that parameter
can be the intrinsic loss. For metamaterials in which the real part of
the permittivity or permeability vanishes, the role of loss is
enhanced, even leading to a topological transition of the dispersion
from a closed elliptic curve to an open hyperbolic curve. Loss can
enhance transmission and produce collimation in the epsilon-near-
zero (ENZ) metamaterials that have been theoretically proposed in
metal–dielectric stacks16,17 and experimentally demonstrated in a
circuit-based metamaterial.19 Using this method, wave-front manipu-
lation and energy collimation have also been systematically studied
in a metal-line system.203 Beyond ENZ metamaterials with very flat
elliptical dispersion, loss-induced topological transitions of the
dispersion can occur in metamaterials that have permittivity and
permeability with arbitrary positive real parts.148 Suppose that μ// is
a complex number while μ? is a real number. Considering the
boundary conditions, the real and imaginary parts of kz along the
direction of the optical axis can be obtained from

k2z ¼ μ?[εk
2
0 � (k2x þ k2y)=μ==]: (21)

Assuming that ε ¼ μ? ¼ 1 and μ== ¼ 0:3þ Im(μ==)i,
Fig. 10(a) shows how a closed ellipsoid evolves into an open
hyperboloid at a fixed frequency when the loss is changed.
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The cyan solid and red mesh surfaces, respectively, give the rela-
tionships of the real and imaginary parts of kz with respect to kx
and ky .Without loss [Im (μ==) ¼ 0], the IFC corresponds to a closed
ellipsoid, as shown in Fig. 2(a). However, as the loss increases to
Im (μ==) ¼ 0:05, the closed ellipsoid gradually develops a break at
the center [see the left panel of Fig. 10(a)]. When the loss further
increases to Im (μ==) ¼ 0:2, the ellipsoid is completely broken and
becomes an open hyperboliclike curve [middle panel of Fig. 10(a)].
If even more loss is added, the hyperbolic curve becomes increas-
ingly flatter and the propagation loss becomes smaller still [right
panel of Fig. 10(a)]. The change in the IFC strongly modifies the

propagation properties of electromagnetic waves. When the IFC
becomes flat, the electric fields are collimated. The corresponding
measured emission patterns of a source in a circuit metamaterial
are shown in Fig. 10(b). As the loss increases, the measured emis-
sion pattern changes from two connected sectors to a column.148

Figure 10(c) presents one sample of the circuit metamaterial, in
which the loss can be flexibly controlled by resistors. By measuring
the voltage pattern, loss-induced field enhancement and collimation
have been observed, as in Fig. 10(d). The topological transition does
not depend on the real part of μ//, as shown in Fig. 10(e); for an arbi-
trary real part of μ//, the topological transition will occur provided

FIG. 10. (a) Topological transition of the IFC controlled by the imaginary part of μ//. (b) Measured emission patterns for different values of resistors at a fixed frequency.
Reproduced with permission from Yu et al., J. Appl. Phys. 119, 203102 (2016). Copyright 2016 AIP Publishing LLC. (c) The circuit-based metamaterial with a wedge to
demonstrate collimation. (d) The measured voltage distributions of (c) at 1.56 GHz. (e) The normalized imaginary part of kz as a function of Im(μz)=Re(μz) and kx=k0,
when ε ¼ μx ¼ 1. Reproduced with permission from Jiang et al., Phys. Rev. B 91, 045302 (2015). Copyright 2015 American Physical Society.
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the imaginary part of μ// is large enough. Therefore, without using
gain to compensate the loss,204,205 tuning the anisotropic loss is an
effective way to control the dispersion.

3. Actively controlled topological transition

A topological transition of the dispersion in passive systems can
be created by changing the frequency or adding anisotropic loss.
However, the ability to actively tune these effects remains elusive and
related experimental observations are highly desirable. Tuning the
topology of the IFC in an active manner has become a very interest-
ing topic of late because of its usefulness in the design of new active
devices. Recently, a novel implementation of the topological transi-
tion based on 2D semiconductors, such as graphene, was proposed.
Varying the chemical potential of graphene using the gate voltage is
an effective method to control the conductivity of graphene in the
terahertz and infrared frequency regimes.206–208 The combination of
metamaterials and graphene provides options for actively manipulat-
ing electromagnetic waves, such as graphene-based metasurfa-
ces,209,210 subwavelength focusing,211 negative refraction,212 and slow
light.213 A schematic of a graphene/dielectric multilayer structure is
shown in Fig. 11(a). The dielectric layers are marked in cyan, and
the graphene layers are shown by the single layer of carbon atoms.

The effective permittivity of a graphene sheet is characterized
by its surface conductivity σ(ω, μc) as

206

εg ¼ 1þ iσ(ω, μc)=ε0ωtg , (22)

where μc and tg denote the chemical potential and the thickness of
the graphene sheet. σ is a complex number with a large imaginary
part, so εg can become negative in certain frequency ranges.
Specifically, μc can be tuned by varying the gate voltage. The per-
mittivity of the graphene sheet can, therefore, be tuned by changing
the value of μc. In certain frequency regimes, εg takes a large nega-
tive value and the graphene sheet displays metallic properties.

The permittivity and thickness of the dielectric layer are 2.25
and 50 nm, respectively.212 From Eq. (12), the anisotropic permit-
tivity tensor of the graphene/dielectric multilayer structure can be
obtained. Both the value and the sign of ε// can be flexibly adjusted
by changing the value of μc. As the value of μc increases from 0.1
to 1 eV, the sign of ε// reverses at 0.54 eV while the sign of ε?
remains positive, as shown in Fig. 11(b). The hyperbolic regime
and the elliptical regime are marked in Fig. 11(b). In addition,
using an array of graphene strips, researchers actively tuned the dis-
persion from an elliptic curve to a hyperboliclike curve by changing
the external gate voltage.86,87 The corresponding dispersion relation
equation is written as86

η20(k
2
xσxx þ k2yσyy)

2
(k2x þ k2y � k2o)� 4k2o(k

2
x þ k2y)

2 ¼ 0, (23)

where η0 denotes the impedance of the free space. The effective
conductivity tensor in an HMS consisting of a graphene strip array
is presented in Fig. 11(c). When the condition Im(σxx) Im(σyy) ,
0 is satisfied, hyperbolic dispersion is obtained. The topological
transition from a closed ellipse to an open hyperbolic dispersion is
associated with the change from Im(σxx) , 0, Im(σyy) , 0 to
Im(σxx) Im(σyy) , 0. The propagation direction of SPPs in the

graphene HMS is controlled by varying the value of μc. Figures 11(d)
and 11(e) display the distributions of the electric field magnitude
when SPPs are excited for μc ¼ 0:1 and 0.3 eV, respectively.

In the high-frequency region, fabricating the multilayers
becomes more difficult and it is not easy to apply precisely the
same external voltage to each graphene layer.214–216 However, in
the microwave regime, circuits loaded with variable capacitance
diodes provide a flexible platform to experimentally demonstrate an
actively controlled topological transition. In these circuits, the value
of the capacitance can be actively tuned by an external voltage. The
inverse or zero Doppler effect and frequency mixing have been
observed in 1D circuit systems.217–219 A topological phase transi-
tion has been achieved in a 2D circuit sample, shown in Fig. 11(f ).
A direct voltage source is connected to the sample from the top,
marked by the red arrow. The signal is input at the center of the
sample.149 According to Eq. (17), the anisotropic permeability of
the circuit-based metamaterial can be tuned by changing the capac-
itance. As the voltage increases, the capacitance of the varactor
decreases accordingly. Therefore, a topological transition from
elliptic dispersion to hyperbolic dispersion occurs. For example,
when U = 1 V, the IFC is a closed elliptical curve and the radiation
emitted by the source can propagate in all in-plane directions, as
shown in Fig. 11(g). However, when U = 20 V, the IFC becomes an
open hyperbolic curve and the source can only radiate in certain
directions, as shown in Fig. 11(h). Active control of the topological
transition of the dispersion by changing the external voltage can,
therefore, be easily observed in circuit-based metamaterials.

B. Transition points in two types of topological
transitions

1. Anisotropic zero-index metamaterials

By changing the sign of μ// from a positive value to a negative
value while the sign of ε and μ? remain positive, a topological tran-
sition will occur, as illustrated in Fig. 12(a). Near the point where
μ// changes from a positive value to 0, the IFC changes from an
ellipsoid to a very flat ellipsoid. When μ// becomes negative, the
IFC changes to an open hyperboloid. At the transition point
(μ== ! 0), the material becomes an anisotropic mu-near-zero
(AMNZ) material whose IFC is a very flat ellipsoid. Although this
discussion is based on a magnetic-type hyperbolic topological tran-
sition, a similar argument can be extended to the electric-type
hyperbolic topological transition when the permittivity and perme-
ability are exchanged. At the transition point of the electric-type
topological transition, the material becomes an anisotropic
epsilon-near-zero (AENZ) material. Many unusual transport prop-
erties of light in AENZ and AMNZ metamaterials have been
demonstrated, such as spatial power combination,220 bending
waveguides,221–223 field shielding,224 total reflection,225 and perfect
absorption.226 Interestingly, it has been found that flux manipula-
tion can be achieved in anisotropic zero-index metamaterials.227–230

When scatterers are placed in the background material, the inho-
mogeneity profile f (x, z) is a spatially varying function. For ordi-
nary background material (such as air), incident light will be
scattered by different scattering objects. As the scattered waves dis-
tribute energy flux in all directions, transmission in the forward
direction is reduced. However, the scattering phenomenon is
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FIG. 11. (a) Schematic of the graphene–dielectric multilayers. The chemical potential of the graphene layer can be tuned with the external voltage, and for certain external
voltages, this multilayer structure has hyperbolic dispersion. (b) Real parts of ε? and ε// for the multilayer structure at a fixed frequency of 40 THz. (c) Effective conductivity
tensor of a uniaxial HMS consisting of graphene strips. (d) Distribution of the electric field for SPPs excited on the graphene HMS for μc ¼ 0:1 eV. (e) As (d), but for a
chemical potential of 0.3 eV. Reproduced with permission from Gomez-Diaz et al., Phys. Rev. Lett. 114, 233901 (2015). Copyright 2015 American Physical Society. (f )
Circuit-based metamaterials that can be actively tuned by an externally applied voltage. The inset shows an enlarged view of the lumped varactor diode. (g) The IFC and
the measured electric field Ey for U = 1 V. (h) As (g), but for U = 20 V. Reproduced with permission from Guo et al., Appl. Sci. 8, 596 (2018). Copyright 2018 Author(s),
licensed under a Creative Commons Attribution-NonCommercial-NoDerivatives 4.0 International License.
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strongly modified in an AENZ metamaterial (εx ! 0þ), as in
Fig. 12(b). In this case, the scattered waves become evanescent
waves in the horizontal direction instead of propagating waves in
all directions. The physical mechanism can be understood from the
IFC in Fig. 12(c). The cyan circle and orange ellipse correspond to
the IFCs of air and the AENZ medium, respectively. After the wave
is scattered by a defect, a series of waves with perpendicular wave-
vectors in the z direction (K?) are excited. When the scattering
occurs in a background material of air, K? still falls within the
maximum value of the IFC of air in Fig. 12(c), and the scattered
wave is still a propagating wave in various directions. However, for
scattering that occurs in the AENZ metamaterial, K? falls outside

the maximum values of kz of the IFC [orange flat ellipse in
Fig. 12(c)]. Due to the mismatch of the tangential wave-vectors
(K? and kz of the IFC), evanescent waves are excited. This differ-
ence in scattering behavior produces completely different scattering
propagation phenomena, which enable entirely new ways of regu-
lating electromagnetic energy flow at the subwavelength scale.
Owing to the excitation of evanescent scattered waves in this inho-
mogeneous and AENZ metamaterial, the electromagnetic energy
flux can be controlled according to the spatial profile of the
nonzero ε or μ component. Electromagnetic flux control in the
AENZ metamaterial can be readily demonstrated when the spatial
inhomogeneity profile has a sinusoidal pathway of minimal εz , as

FIG. 12. (a) Magnetic topological transition of the IFC from a closed ellipsoid to an open hyperboloid when μ// changes from a positive value to a negative value, while ε
and μ? remain unchanged. (b) Schematic of electromagnetic wave propagation and scattering in an AENZ system with defects. (c) IFCs of air and the AENZ background
medium. K? denotes the perpendicular component of the wave-vectors of the scattered waves. (d) The spatial inhomogeneity profile that has a sinusoidal pathway of
minimal εz . (e) The corresponding distribution of power flow. Reproduced with permission from Luo et al., Phys. Rev. Lett. 112, 073903 (2014). Copyright 2014 American
Physical Society. ( f ) Circuit-based AMNZ metamaterial, with a defect region marked by the purple rectangle. (g) Measured field distributions of Ey , Hz , and Hx from
columns 7–19 in the sample shown in (f ). Reproduced with permission from Li et al., Europhys. Lett. 113, 57006 (2016). Copyright 2016 Institute of Physics.
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shown in Fig. 12(d). The simulated power flow distribution in
Fig. 12(e) shows that the energy flux flows along the designated
sinusoidal path. This energy flow manipulation has been experi-
mentally demonstrated in an AMNZ metamaterial, as seen in
Fig. 12(f ). The sample was constructed using a circuit system with
lumped elements. The measured field distributions are shown in
Fig. 12(g), where Ey is uniform in the z direction. However, com-
pared with the background medium, Hz in the scattering region is
enhanced and Hx is excited as an evanescent wave. Figure 12(g)
shows that magnetic components can be controlled at the subwave-
length scale in an AMNZ metamaterial.

2. Linear-crossing metamaterials

From Eq. (6), it is evident that the IFC of magnetic HMMs is
not only related to the anisotropic permeability but also to the per-
mittivity. Normally, a topological transition between two types of
magnetic hyperbolic metamaterials will take place when the signs
of the anisotropic permeabilities are exchanged and the permittivity
is held fixed. However, a new type of linear-crossing dispersion
exists when the sign of the permittivity changes while the signs of
the anisotropic permeabilities remain unchanged, as shown in
Fig. 13(a). In the 2D case, when μ?μ== , 0 and ε ! 0, the IFC at
the transition point between a metal-type HMM and a dielectric-
type HMM takes the form of two intersecting lines. This material
with two intersecting linear dispersion curves can be termed a
linear-crossing metamaterial (LCMM). Because the signs of the
in-plane permeabilities are opposite and the permittivity tends to
zero, an LCMM may simultaneously possess the characteristics of
an HMM and a zero-index medium. On the one hand, similarly to
an HMM, high-k waves can be supported by the LCMM because of
the open IFC. In addition, positive and negative refraction can be
controlled by the signs of the in-plane permeabilities as in an
HMM. The 2D IFC of an LCMM with negative refraction is shown
in Fig. 13(b). On the other hand, the group velocity and phase
velocity in an LCMM are perpendicular to each other, which lead
to zero phase accumulation along the propagation path as in a
zero-index medium. LCMMs possess many unique properties.22

For example, directional propagation can be observed when light is
obliquely incident on the LCMM, as shown in Fig. 13(c). Unlike
negative refraction in a double negative metamaterial, the refraction
angle in an LCMM is independent of the incidence angle. A novel
beam splitting phenomenon231,232 occurs in an LCMM when light
is normally incident on the structure, as shown in Fig. 13(d).22

Owing to the fact that the refracted light is locked in two fixed
directions in the LCMM, the propagation of light is not affected by
the inner defect as long as the defect is not placed in the path of
refraction. In circuit systems, two types of LCMMs with positive
and negative refraction, respectively, have been constructed. Due to
the negative refraction, imaging of a point source can be carried
out. Moreover, since the propagation of waves in LCMMs is fixed
in two directions, the imaging exhibits a partial cloaking effect.22

For two sources separated by a subwavelength distance, super-
resolution with a partial cloaking effect may be realized. The super-
resolution mechanism results from the open IFC of LCMMs, which
will support high-k modes. Therefore, LCMMs can be used to over-
come the diffraction limit.22 Super-resolution imaging with partial

cloaking has been experimentally demonstrated, as shown in
Fig. 13(e). The measured distribution of the normalized electric
field is plotted in Fig. 13(f ). The reflections from the sidewalls are
weak because all of the structure boundaries are absorption bound-
aries. The defect region is marked by the dashed yellow rectangle,
and the positions of images are marked by the two dashed red
circles. In order to quantitatively demonstrate subwavelength
imaging with a partial cloaking effect, the normalized intensity of
the electric fields at the exit plane in two cases, with and without
defects, is shown in Fig. 13(g). Recently, an omnidirectional invisi-
bility cloak for a wide range of incident angles has also been discov-
ered in an anisotropically doped ENZ metamaterial, which is
transparent to any incident illumination.233

IV. DISPERSION CONTROL IN HYPERCRYSTALS

A. Controlling dispersion of the band structure

Because of the unusual properties of HMMs, composite struc-
tures involving HMMs may also be expected to exhibit unprece-
dented abilities to manipulate electromagnetic waves. Recently,
Narimanov studied a structure in which one dielectric component
of a one-dimensional (1D) photonic crystal (PC) was replaced by a
HMM component, named a photonic hypercrystal (PHC).97 In a
PHC, the special dispersion of the HMM strongly modifies the
Bragg scattering and thereby allows the bandgaps of the structure
to be manipulated, as we will see later.

The most remarkable feature of PCs is that they have photonic
bandgaps, which can be used to suppress spontaneous emission234

and localize photons.235 In particular, an omnidirectional gap
based on 1D PCs is very useful in many applications, such as
optical reflectors for all angles of incidence.236 In traditional dielec-
tric PCs (AB)n, the bandgaps arise from the Bragg scattering mech-
anism. At the Bragg frequency of the first bandgap, the Bragg
condition is written as

f ¼ (kAzdAz þ kBzdBz)jωBrg ¼ mπ, (24)

where kAz and kBz are the wave-vectors in the propagation direction
in medium A and B, respectively. f denotes the propagation phase
in a unit cell. The dispersion relation for a dielectric is
kx þ kz ¼ εμ(ω=c)2, where kx ¼ k0 sin θ is the parallel wave-vector.
When the incidence angle θ increases, kx increases while kAz and
kBz decrease. If the frequency remains at ωBrg , the Bragg condition
in Eq. (24) no longer holds. As a result, to maintain the Bragg con-
dition, the frequency must increase. Therefore, as the incidence
angle increases, the gap will shift toward a higher frequency. In a
traditional 1D PC, the gap edges change with the incidence angles
and the gap closes at the Brewster angle. To overcome this
problem, omnidirectional gaps independent of the incidence angles
have been proposed in special 1D PCs, including the average index
(zero-�n) gap that exploits the mechanism of phase cancellation of
propagating waves between positive- and negative-index
materials237–241 and the zero effective phase (zero-feff ) gap that
utilizes compensation between the exponentially increasing and
decreasing waves in two types of single-negative materials.242–245

The PHC provides a new physical mechanism for designing
angle-independent (dispersionless) gaps. The schematic of a 1D
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PHC is shown in Fig. 14(a). Suppose that layer A is an HMM while
layer B is dielectric. Figure 14(b) demonstrates that the slopes of
the isofrequency curves of the dielectric and the HMM have
opposite signs. When the incidence angle increases, kx increases.
The isofrequency curve indicates that when kx increases, kBz or the

phase in layer B decreases, but kAz or the phase in layer A increases.
Therefore, as the incidence angle increases, the phase variations in
the two media have opposite signs. It is this phase variation
compensation (PVC) effect that leads to the dispersionless gap.
Note that it is phase variation compensation rather than phase

FIG. 13. (a) Magnetic hyperbolic topological transition of the IFC from metal-type hyperbolic dispersion to dielectric-type hyperbolic dispersion when ε changes from a
positive value to a negative value, while μ// and μ? remain unchanged. (b) The IFC of an LCMM with μz ¼ 1, μx ¼ �1, and ε ! 0. (c) Negative refraction independent
of the incident angle takes place in the LCMM at oblique incidence. (d) The normally incident light splits along two directions in the LCMM. (e) Circuit-based LCMMs. Two
sources are marked by red dots. (f ) Measured distribution of the normalized electric field. Two images are marked by yellow circles. (g) Normalized field intensity distribu-
tions along the z direction at the exit plane. Reproduced with permission from Guo et al., Phys. Rev. Appl. 10, 064048 (2018). Copyright 2018 American Physical Society.
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FIG. 14. (a) Schematic of a 1D PHC
composed of an HMM layer and a
dielectric layer. The enlargement dem-
onstrates that the HMM layer may be
mimicked by a metal/dielectric layered
structure. (b) IFCs of the HMM and the
dielectric medium in (a), shown as blue
and orange lines, respectively. (c)
Schematic of a plane wave propagating
in one unit cell of the 1D PHC. (d) The
reflection spectrum of the 1D PHC
([TiO2/HMM]3) for TM waves. The
HMM consists of two subwavelength
unit cells ([TiO2/Ag]2). (e) Measured
reflectance at incidence angles of 10°,
20°, 30°, and 40°. Reproduced with
permission from Wu et al., Appl. Phys.
Lett. 112, 041902 (2018). Copyright
2018 AIP Publishing LLC. (f ) Similar to
(d), but for two types of polarization;
the thicknesses of the metal and
dielectric layers are adjusted slightly.
(g) Measured reflectance at incidence
angles of 10°, 40°, 70°, and 80°.
Reproduced with permission from Wu
et al., Phys. Rev. Appl. 10, 064022
(2018). Copyright 2018 American
Physical Society.
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compensation because the total phase is still π. From Eq. (24), the
condition for the dispersionless gap is246

@Φ

@kx
¼ dA

@kAz
@kx

þ dB
@kBz
@kx

� �����
ωBrg

¼ 0: (25)

The PVC condition for the dispersionless gap can be analyti-
cally approximated in the εB � 1 and jεAz j � 1 limit as246

dA ¼ πc
ωBrg

1ffiffiffiffiffiffiffi
εAx

p
1� εB

εAz

� � , dB ¼ πc
ωBrg

1ffiffiffiffiffi
εB

p
1� εAz

εB

� � : (26)

The phase compensation effect can be explained as in
Fig. 14(c). Based on the PVC condition, the calculated reflection
spectrum of a 1D PHC ([TiO2/HMM]3) for TM waves is given in
Fig. 14(d). The HMM is realized by two subwavelength unit cells
([TiO2/Ag]2). The measured reflectance spectra at the correspond-
ing incidence angles are shown in Fig. 14(e). The two band edges
(reflective dips near the bandgap) change very little as the incidence
angle changes from 10° to 40°. The measured gap edges are marked
in Fig. 14(d); the experimental results coincide well with the simu-
lated results.247 In addition to the dispersionless bandgap, a red
shift of the bandgap can be realized according to the condition
@Φ=@kx . 0, which is distinct from the blue shift of the bandgap
that occurs in conventional dielectric PCs. The simulated and

measured results of red shifted bandgaps for TM waves are shown
in Figs. 14(f ) and 14(g), respectively.248 It should be pointed out
that, for TE ordinary waves, the subwavelength metal/dielectric
multilayer structure behaves just like a dielectric. As a result, the
bandgap is blue shifted, as shown in Fig. 14(f ).

B. Cavity modes and edge modes with special
dispersion

Dispersionless gaps can be used to realize wide-angle cavity
modes. The quality factor of the dispersionless cavity mode
remains essentially unchanged when the plane waves launch at dif-
ferent angles, which is valuable when the cavity mode is excited
with finite-size sources. A schematic of a 1D PHC with a dielectric
defect marked in pink is shown in Fig. 15(a). It is seen in Fig. 15(b)
that the defect or cavity mode inside the dispersionless gap remains
nearly invariant as the incidence angle changes, owing to the PVC
effect.246

Moreover, in a heterostructure composed of a 1D PC and a
metal [Fig. 15(c)], an edge mode occurs at the interface of the 1D
PC and the metal.249 The phase matching condition for edge states
can be expressed as250–252

fM þ f pc ¼ 0, fM , fPC [ (�π, π), (27)

where fM and f pc denote the reflection phases of the metal layer
and the 1D PC, respectively. Owing to this condition for the edge

FIG. 15. (a) Schematic of a 1D PHC
with a defect layer at the center of the
structure. (b) Transmittance spectrum
of (a) for all angles of incidence.
Reproduced with permission from Xue
et al., Phys. Rev. B 93, 125310 (2016).
Copyright 2016 American Physical
Society. (c) Schematic of a heterostruc-
ture composed of a metal layer and a
1D PHC. (d) Absorption spectrum of
(c) from 0° to 45°. Some measured
absorption peaks are marked by white
hollow circles. Reproduced with per-
mission from Lu et al., Opt. Express
27, 5326 (2019). Copyright 2019 OSA
Publishing.
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mode, the reflection phase of the metal changes very little with the
incidence angle. This means that the dispersion properties of the
edge mode are essentially determined by the 1D PC. A nearly dis-
persionless edge mode can be obtained in a heterostructure com-
posed of a metal layer and 1D PHC because of the dispersionless
gap of the 1D PHC. In this nearly dispersionless edge mode, light
can enter the heterostructure and be fully absorbed by the lossy
metal. The measured absorption peaks, marked by white circles,
and the simulated absorption spectrum are shown in Fig. 15(d).253

The experimental results agree well with the simulated results. The
absorption peak is always near one over a wide range of incidence
angles. Therefore, using dispersionless gaps, wide-angle perfect
absorbers can be designed.249

Recently, the dispersion control possible in PHCs has been
employed in proposals to produce Dirac dispersion,254 to design
wide-angle biosensors,255 and to construct a Veselago lens.256 In
addition to the 1D PHCs, 2D PHCs have also been proposed.
These can greatly enhance the light-matter interaction, with appli-
cations that include increasing the spontaneous emission257–259 and
designing accidentally degenerate double Dirac cones.260,261

V. APPLICATIONS

A. Hyperlens

In imaging optics, information regarding objects is carried by
the scattered field with various wave-vectors. In particular, large
features (fine details) are carried by the propagating waves (evanes-
cent waves) with small (large) wave-vectors. For a conventional
lens, the evanescent waves are confined to the near-field region and
decay exponentially with transmission distance, as shown in the

upper row of Fig. 16(a). The missing subwavelength information
leads to the diffraction limit of imaging. By using evanescent field
amplification, the diffraction limit can be overcome and imaging
quality can be greatly improved.128,262,263 Owing to the coupling of
the interface modes, the near-field components can be recovered at
the image plane. According to this physical principle, a silver film
with ε ¼ �1 has been used to achieve subwavelength imaging, veri-
fying the potential for superlens applications.262

In addition to the superlens based on near-field amplification,
a hyperlens based on the conversion of near fields into far fields
can also yield subdiffraction-limited resolution.45,46 One of the
most fascinating features of HMMs is that they support large-k
modes because of the open hyperboloid dispersion. HMMs can
convert near fields into high-k propagating waves and thus over-
come the diffraction limit, as shown in the lower row of Fig. 16(a).
A cylindrical prototype of a hyperlens was obtained by bending flat
layers (metal/dielectric multilayers) into curved layers, as shown in
Fig. 16(b). The resolution and magnification of the hollow cylinder
hyperlens can be estimated from the ratio between the inner and
outer radii of the structure. A hyperlens beyond the diffraction
limit has also been proposed for photolithography. It can be used
to generate deep subwavelength patterns from diffraction-limited
masks, as illustrated in Fig. 16(c).264,265 Another type of hyperlens
may be realized with a nanometal wire array at near-infrared and
midinfrared wavelengths,266,267 producing a quarter-wave image
that can be clearly observed in the image plane. Although hyper-
lenses with open hyperbolic dispersion are excellent for producing
super-resolution imaging, elliptical dispersion (as in anisotropic
zero-index metamaterials) can also be used for superlenses as long
as the coverage of lateral wave-vectors is sufficiently large.268

FIG. 16. (a) Schematics of a conventional lens and a hyperlens. Reproduced with permission from Zhang and Liu, Nat. Mater. 7, 435 (2008). Copyright 2008 Springer
Nature. (b) Hemicylindrical hyperlens composed of metal–dielectric multilayers. Reproduced with permission from Liu et al., Science 315, 1686 (2007). Copyright 2007
American Association for the Advancement of Science. (c) Light photolithography with a hyperlens. Reproduced with permission from Sun and Litchinitster, ACS Nano 12,
542 (2018). Copyright 2018 American Chemical Society. (d) Hyperlens comprised of a nanometal wire array and its far-field images. Reproduced with permission from
Casse et al., Appl. Phys. Lett. 96, 023114 (2010). Copyright 2010 AIP Publishing LLC and Hayashi et al., Opt. Express 27, 21420 (2019). Copyright 2019 OSA Publishing.
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B. Long-range energy transfer

The interaction between two dipoles is a basic physical effect
that plays an important role in many phenomena, such as the
Casimir force, van der Waals force, and vacuum friction.269,270 The
interaction between two dipoles is based on the near-field coupling
mechanism. A near field with a large wave-vector component
decays rapidly as the spatial distance increases. Therefore, within
the environment of a vacuum or an ordinary medium, the interac-
tion distance between two dipoles is very short, generally much
smaller than one wavelength. However, the emergence of HMMs
suggests the possibility of overcoming the limitation of the short-
range interaction in traditional environments. HMMs can support
large wave-vector modes. Hence, in HMMs, the near field can be
converted into high-k propagating waves, as shown in Fig. 17(a).
Recent theoretical studies have shown that the interaction distance
between two dipoles can be greatly increased, up to the order of
one wavelength, by using HMMs.52–55 Figure 17(b) shows that two
dipoles placed on an HMS can experience long-range interaction.53

θxy denotes the angle with respect to the optical axis of the HMS.
The cooperative Lamb shift along the resonance cone angle
θxy ¼ tan�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�ε?=ε==

p
is shown in Fig. 17(c) as a function of the

separation distance. The inset in Fig. 17(c) shows giant enhance-
ment of Förster resonance energy transfer.53

HMMs can also be utilized to greatly enlarge the coupling
distance between a dipolelike bright atom and a quadrupolelike

dark atom.56 Similar to the three-level atomic system, the classical
analog of electromagnetically induced transparency (EIT) in meta-
material systems requires significant coupling between the bright
atom and dark atom modes.271–273 In a conventional medium, the
separation distance for near-field coupling between the bright and
dark atoms needs to be ∼λ/20–λ/40, where λ is the operational
wavelength. However, in an HMM, long-range EIT in which the
bright and dark atoms are separated by a long distance has been
observed in a microwave experiment. The microwave HMM was
constructed based on a circuit system with lumped elements, as
shown in Fig. 17(d). Compared to ordinary materials, the coupling
length can be increased by nearly two orders of magnitude in the
HMM. Accordingly, the energy transfer from the bright atom to the
dark atom can be greatly enhanced. The long-range energy transfer
is shown in Fig. 17(e). The HMM-mediated EIT survives even when
the coupling distance is far beyond the effective near-field coupling
length in a normal environment, as shown in Fig. 17(f).

C. High-sensitivity sensors

HMMs can be utilized to create various highly sensitive
sensors, such as refractive index sensors, by exciting the high-k
modes.274–280 The high-k modes in HMMs respond to changes in
the refractive index and have high sensitivity in biosensing applica-
tions. Two important HMM-based sensors in the visible and near-
infrared ranges have been demonstrated, based on metal/dielectric

FIG. 17. (a) Schematic of HMM-assisted energy transfer between bright and dark atoms. (b) Long-range dipole–dipole interaction produced by the HMS. The blue dot and
green dot denote the emitting dipole and receiving dipole, respectively. (c) Cooperative Lamb shift as a function of the separation distance along the resonance cone
angle. Reproduced with permission from Cortes and Jacob, Nat. Commun. 8, 14144 (2017). Copyright 2017 Author(s), licensed under a Creative Commons
Attribution-NonCommercial-NoDerivatives 4.0 International License. (d) Circuit-based HMM for realizing EIT between a dark atom and a bright atom. (e) Measured electric
fields showing the long-range interaction between a bright atom and a dark atom. (f ) The dependence of HMM-mediated EIT on the interatomic separation s. The red
open (blue solid) circles are the measured (simulated) EIT split frequencies. Reproduced with permission from Guo et al., Opt. Express 26, 627 (2018). Copyright 2018
OSA Publishing.
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multilayered structures and metal nanowire arrays.274,276 For
example, a miniaturized biosensor has been fabricated using a
gold/Al2O3 multilayered structure, as shown in Fig. 18(a). The
thickness of the gold and Al2O3 layers were 16 nm and 30 nm,
respectively.276 The effective anisotropic permittivity tensor derived
from EMT is shown in Fig. 18(b). For wavelengths in the range
520 � λ � 800 nm, the signs of ε? and ε// are opposite, and there-
fore, the multilayered structure displays hyperbolic dispersion.
The high-k modes in HMM are nonradiative and cannot be directly
excited because of the momentum mismatch. Therefore, a grating
or prism needs to be placed above the structure to provide
additional transverse wave-vectors. For a TM wave incident on the
structure, the reflectance spectra at different incidence angles are
shown in Fig. 18(c). There are six prominent reflectance dips in the
spectrum, which correspond to the six guided modes in the multi-
layered structure. Two guided modes below 500 nm are SPP modes
while the other four guided modes are high-k modes in the HMM.
The physical mechanism of this refractive index sensor is simple.
When the refractive index of the surrounding medium changes, the
coupling condition changes. This change can be directly deter-
mined by the shift of the resonance wavelength. The effective
permittivity of the medium can be tuned by injecting different
weight percentage concentrations of glycerol in distilled (DI) water.
As a result, the reflectance spectrum of the HMM sensor shown in

Fig. 18(d) was obtained. A red shift in resonance wavelength is
observed when the glycerol weight percentage increases. Figures 18(e)
and 18(f ) give enlargements of Fig. 18(d) for the high-k modes in
the HMM and the SPP modes, respectively. Comparing Fig. 18(e)
with Fig. 18(f ), it is evident that the high-k mode undergoes a sig-
nificant shift in resonance wavelength, based on which the HMM
sensor achieved a bulk refractive index sensitivity of 30 000 nm/RIU
(per refractive index unit). The record figure of merit (FOM) can
determine the sensitivity of the sensor,276

FOM ¼ (Δλ=Δn)(1=Δω), (28)

where Δλ, Δω, and Δn denote the shift in wavelength, the width of
the reflectance dip at half-maximum, and the change in refractive
index, respectively. Larger values of FOM correspond to higher sen-
sitivities. The FOM in Figs. 18(e) and 18(f ) has values of 590 and
108, respectively, indicating that the high-k mode in the HMM is
more sensitive to an extremely small refractive index change than
the SPP.276 In addition, the grating-coupled HMM biosensor can
have higher angular sensitivity (with a maximum of 7000° per
RIU) than traditional sensors, which is useful for angular detection
of low molecular weight biomolecules.277

Recently, enhancement of the GH shift of a Gaussian beam
reflected from a thin slab of Ag/TiO2 HMM has been theoretically

FIG. 18. (a) Schematic of a metal grating-coupled HMM sensor with a fluid flow channel. (b) Effective permittivity of the metal/dielectric multilayer structure. (c)
Reflectance of the sensor at different incidence angles. (d) The reflectance of the sensor device obtained by injecting different weight percentage concentrations of glycerol
in DI water. (e) Enlarged view of (d) from 1200 to 1400 nm. (f ) As (e), but from 400–500 nm. Reproduced with permission from Sreekanth et al., Nat. Mater. 15, 621
(2016). Copyright 2016 Springer Nature.
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proposed.158 The GH shift of an HMM is calculated from158,160

sGH ¼ 1
kIn

dΔw

dθ
, (29)

where Δw ¼ we � wo denotes the phase difference between the ordi-
nary wave and the extraordinary wave. kIn is the wave-vector in the
incident medium and θ is the incidence angle. For the extraordi-
nary wave, the reflection from the HMM disappears at the Brewster
angle; the corresponding mode is called the Brewster mode.158

Around the Brewster mode, there is an abrupt change in Δw. As a
result, dΔw=dθ becomes very large, which leads to an enhanced GH
shift.158,160 In another application of this effect, radiative refractive
index sensors have been demonstrated in a microfluidic integrated
HMM.160

VI. CONCLUSIONS

HMMs exhibit many fascinating properties, such as enhanced
spontaneous radiation, all-angle negative refraction, and abnormal
scattering phenomena. In recent years, they have been widely studied,
with implementations based on subwavelength metal/dielectric multi-
layered structures, metal nanowire arrays, circuit systems, HMSs, and
even natural hyperbolic media. The interesting properties of HMMs
are directly associated with the special hyperbolic dispersion. By
tuning topological transitions of the IFC, the interaction between
light and matter can be significantly modified. In this tutorial, we
have focused on three effective ways of manipulating the topological
transition of IFCs: changing the frequency, tuning the imaginary part
of the permittivity or permeability, and applying an external field. At
the transition point from a closed elliptic IFC to an open hyperbolic
IFC, a very flat elliptic IFC has been analyzed. Moreover, at the tran-
sition point from a metal-type hyperbolic IFC to a dielectric-type
hyperbolic IFC, a linear-crossing IFC has been studied. The idea of
dispersion manipulation in HMMs has been further extended to
composite structures including HMMs. For example, a dispersionless
bandgap can be realized in a 1D PHC based on the PVC condition.
Dispersion manipulation in HMMs can be utilized in many applica-
tions, such as hyperlenses that can beat the diffraction limit,
long-range energy transfer beyond the near-field coupling limit, and
high-sensitivity sensors. Because of the unusual properties of HMMs,
it is to be expected that still more novel optical devices based on
HMMs will be developed in the future.
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